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Introduing three well-dened dimensionless numbers, we establish the link between the sale
dilatation method able to estimate master (i.e. unique) singular behaviors of the one-omponent
uid sublass and the universal rossover funtions reently estimated [Garrabos and Bervillier,
Phys. Rev. E 74, 021113 (2006)℄ from the bounded results of the massive renormalization sheme
applied to the Φ4d (n)-model of salar order parameter (n = 1) and three dimensions (d = 3),
representative of the Ising-like universality lass. The master (i.e. resaled) rossover funtions are
then able to t the singular behaviors of any one-omponent uid without adjustable parameter,
only using one ritial energy sale fator, one ritial length sale fator, and two dimensionless
asymptotial sale fators, whih haraterize the uid ritial interation ell at its liquid-gas ritial
point. An additional adjustable parameter aounts for quantum eets in light uids at the ritial
temperature. The eetive extension of the thermal eld range along the ritial isohore where the
master rossover funtions seems to be valid orresponds to a orrelation length greater than three
times the eetive range of the mirosopi short-range moleular interation.
PACS numbers: 64.60.Ak., 05.10.C., 05.70.Jk, 65.20.+w
1. INTRODUCTION
The universal features of three-dimensional (3D) Ising-
like systems are now well-established by the renormal-
ization group approah (author?) [1℄ of the lassial-to-
ritial rossover behavior (author?) [2℄. In this theo-
retial ontext, it was possible to estimate the omplete
funtions whih interpolate between the ritial behavior
(ontrolled by the non-trivial (Wilson-Fisher) xed point
(author?) [3, 4℄) and a lassial behavior (ontrolled by
the Gaussian xed point). Suh interpolating theoretial
expressions were ustomarily named lassial-to-ritial
rossover funtions. The orresponding rossover within
the ritial domain was referred as the ritial rossover
(author?) [2, 5℄, or the asymptoti rossover (author?)
[6℄.
Our present interest is restrited to the dimension-
less expressions derived from a massive renormalization
(MR) sheme applied to the Φ4d (n) model, for three-
dimensional systems (d = 3) and salar order parame-
ter (n = 1) (author?) [7, 8, 9, 10℄ (d and n are the
dimensions of the spae and order parameter density,
respetively, whih haraterize eah universality lass
(author?) [1℄). In that spei renormalization group
approah (author?) [11℄, the Ising-like universality is
linked to the existene of a unique non-trivial xed point.
For onvenient simpliation in the following presenta-
tion, the omplete Ising-like universality lass is labeled
{Φ3 (1)}-lass (with referene to the Φ4d=3(n = 1)-model),
while the one-omponent uid sublass made of all one-
omponent uids is labeled {1f}-sublass, with the ob-
vious relation {1f}-sublass ⊂ {Φ3 (1)}-lass.
The introdution of the system-dependent parame-
ters for the pratial use of the theoretial funtions
was disussed in a detailed manner in Refs. (author?)
[9, 10, 12, 13℄. More generally, the dimensionless forms of
the theoretial expressions must be used to t the exper-
imental results in order to preserve both the number and
the ritial saling nature of the uid-dependent fators
whih are free in the massive renormalization sheme.
Indeed, it was preisely shown in Ref. (author?) [13℄,
hereafter labeled I, that the Ising-like universal features
(author?) [14℄, estimated in the Ising-like preasymptoti
domain lose to the non-trivial xed point, require to
haraterize eah system along its ritial isohore (the
thermodynami line equivalent to h = 0) using four pa-
rameters.
Two of them are dimensional parameters, namely the
ritial temperature Tc whih ats as energy unit (in-
troduing the universal Boltzmann onstant kB) to ex-
press the Hamiltonian in dimensionless form, and the
unknown inverse oupling onstant (g0)
−1
of the fourth-
order term of the dimensionless Hamiltonian. As a mat-
ter of fat, any Hamiltonian representative of a physial
2system at near ritiality, suh as a one-omponent uid
near its liquid-vapor ritial point, is driven to the non-
trivial xed point under the ation of the renormaliza-
tion transformations (author?) [4℄. Due to the fat that
renormalizable eld theories are short-distane insensi-
tive, universality emerges in a regime ξΛ0 ≫ 1 in whih
the orrelation length ξ is muh larger than the miro-
sopi sale, whih plays the role of the inverse wavenum-
ber ut-o (Λ0)
−1
in the renormalization sheme. This
universality is non-mean eld like in nature (at least for
the three-dimensional systems whih are of present in-
terest), beause the atual moleular interation range
at the mirosopi sale of the physial system annot be
ompletely eliminated. (Λ0)
−1
remains the single natu-
ral length unit in the theoretial sheme. Indeed, (g0)
−1
takes the onvenient length dimension at d = 3 to at
as adjustable length unit, and to express the orrelation
length in dimensionless form.
The other two parameters are dimensionless oe-
ients, namely the sale fators ϑ and ψ, whih provide
the analytial (linear) proportionality between the two
dimensionless physial elds ∆τ∗ and ∆h∗ of the Ising-
like uid and the two renormalized relevant elds t and h
of the Φ4d=3(n = 1)-model, respetively (author?) [3, 4℄
(using ustomarily eld notations, see below). In suh a
situation, the universal features lose to the non-trivial
xed point are estimated in onformity with the so-alled
two-sale-fator universality, where only two asymptoti
ritial exponents and one onuent exponent are inde-
pendent. Then, the lowest value ∆ ≃ 0.51 (author?)
[14℄ of the onuent exponent haraterizes the orre-
tions to saling due to one possible irrelevant eld (au-
thor?) [15℄). In order to maintain the oherene with
the previous presentation of these universal features given
in Refs. (author?) [10, 13℄, we have here also seleted
ν ≃ 0.630 and γ ≃ 1.240 (author?) [14℄ as indepen-
dent leading exponents attahed to the orrelation length
ℓ
th
(t)) and the suseptibily χ
th
(t) along the ritial iso-
hore (h = 0), respetively.
The nite sale (Λ0)
−1
is generally unknown for a real
mirosopi interation at short range distane in pure
uids. Simultaneously the marosopi size L of the
uid sample should be larger than ξ, i.e. L ≫ ξ → ∞,
then a speial attention to aount for extensive nature
of the thermodynami properties of the physial system
is needed. Moreover, thanks to the general point of view
of the thermodynamis for 3-D systems, the dimension-
less forms of any physial density variable
X
V
(where X
is the total extensive variable and V ∝ Ld is the total
volume of the system) an be obtained without referene
to the unknown wavelength number g0 dened at the
ritial point. Indeed, introduing the total amount of
matter N [or the total mass M = Nmp¯, where mp¯ is the
mass of the partile, while the subript p¯ refers to a par-
tile property℄ of a system lling a total volume V , the
dimensionless order parameter onjugated to the dimen-
sionless ordering eld an always be dened if the amount
of matter in a referene volume is known (here the refer-
ene volume an be hosen for example as the volume of
a mole, a partile, a ell lattie, a mass unit of matter,
et.). Therefore, any referene length a0, dened suh as
n0 is the amount of matter in the volume (a0)
d
, an be
used as expliit length unit for the thermodynami and
orrelation funtions. Thus the massive renormalization
sheme generates a third adjustable dimensionless sale
fator - namely u∗0 = g0a0 - whih relates the dimen-
sionless orrelation length
ξ
a0
of the physial system to
the orresponding theoretial funtion derived from the
massive renormalization sheme. As a orrelative result,
when a0 takes its physial sense to represent the eetive
range of the mirosopi moleular interation between
the n0 partiles, i.e. a0 ∝ (Λ0)−1 while n0 ∝ oordina-
tion number, the Ising-like singular nature of the physial
system an be haraterized by a set of three dimension-
less sale fators {u∗0, ϑ, ψ}. However, in suh a three-
parameter haraterization of the physial system, it is
then essential to reall that the theoretial estimations
of the universal features are only valid within the Ising-
like preasymptoti domain. In this preasymtoti domain,
eah dimensionless theoretial funtion an be approxi-
mated by its restrited asymptoti form as a two-term
Wegner-like expansion, leading to three independent rit-
ial exponents (i. e. our seleted set {ν, γ,∆} in present
work).
Indeed, in the seventies, it was learly shown by ex-
perimentalists that the singular properties of pure u-
ids lose to their liquid-gas ritial point were satised
by power laws with universal features omparable to the
ones estimated for the uniaxial three-dimensional Ising
system used as a preditive model (for a review see for
example (author?) [16℄). It was then revealed that two
independent leading amplitudes, attahed to the univer-
sal values of two independent ritial exponents, are the
only two uid-dependent parameters neessary for har-
aterizing the asymptoti singular behavior of eah one-
omponent uid. Therefore, seleting the dimension-
less orrelation length ξ∗ (∆τ∗) and the dimensionless
isothermal ompressibility κ∗T (∆τ
∗) in the homogeneous
domain (∆τ∗ > 0) along the ritial isohore (∆ρ∗ = 0),
eah Ising-like ritial uid an then be haraterized by
the related leading amplitudes ξ+ and Γ+ (using stan-
dard notations for ritial uids (author?) [17℄). This
asymptoti situation haraterized by two dimensionless
leading amplitudes ξ+ and Γ+ was in onformity with
the two-sale-fator universality expeted for all systems,
with short-ranged interation, and whih have an isolated
transition point.
Correlatively, it was demonstrated (author?) [18℄ that
the two-sale-fator universality related to the Ising-
like nature of the ritial phenomena in pure uids are
observed in a very limited range of temperature and
densities around their liquid-gas ritial point. Obvi-
ously, sine the asymptotial ritial domain assoiated
to this limit is so narrow that experiments are di-
ult to ahieve, it was fundamental to aount for the
possible nonuniversal harater of the system through
3the onuent singularities in the orretions to saling
(author?) [15℄ (ignoring here the bakground ontri-
butions whih are signiative only in the ase of spe-
i heat (author?) [12℄). That leads to express the
singular properties as trunated forms of the Wegner-
like series. That preisely orresponds to the Ising-like
limit of the asymptoti rossover mentionned just above
and investigated in details in the renormalization theory
where the resummation of the Wegner-like expansions
should yield omplete rossover funtions from asymp-
toti (Ising-like) ritial behavior to the lassial (mean-
eld) ritial behavior. Dierent theoretial approahes
have been adopted by many investigators to obtain ex-
pliit solutions resumming the omplete Wegner series
(see for exemple a review in Ref. (author?) [6℄ for their
appliation to the uid ase). The pratial results essen-
tially depend on the approximations used in the renor-
malization sheme and the way to aount for the uto
eets. Despite these tehnial dierenes to treat the
asymptoti rossover, the Ising-like universal feature was
related to the lowest onuent exponent ∆ where only
one (uid-dependent) onuent amplitude is needed to
haraterize the rst order term of the onuent orre-
tion to saling (author?) [15℄. In the haraterization of
eah ritial uid where the leading amplitudes ξ+ and
Γ+ are seleted in onformity with the asymptoti two-
sale-fator universality, then it was neessary to add the
onuent amplitude a+χ of the rst order orretion term
for the suseptibility (related to the onuent amplitude
a+ξ of the orrelation length by the universal value of the
ratio
a
+
ξ
a
+
χ
≈ 0.68 (author?) [14℄). The resulting ampli-
tude set
{
ξ+,Γ+, a+χ
}
denes the omplete asymptoti
rossover of eah one-omponent uid. This amplitude
set is Ising-like equivalent (in quantity and nature) to the
previous sale fator set {u∗0, ϑ, ψ} used to haraterize
the Ising-like ritial behavior whitin the preasymptoti
domain of eah one-omponent uid.
As realled in I, this three-parameter desription of the
asymptoti singular behavior of the orrelation length
and the suseptibility of xenon was studied (author?)
[12℄ using the rossover funtions initially derived by Bag-
nuls and Bervillier (author?) [7, 8℄ from the massive
renormalization sheme. In this pioneering study of the
rossover, for the rst time the minimal quantity of Ising-
like non-universal parameters of xenon was introdued as
a set of a single wavelength (dened at the ritial point),
and two dimensionless sale fators expressing the ana-
lytial approximation between the two relevant saling
(thermal-like t and magneti-like h) elds and the orre-
sponding physial (∆τ∗ and∆h∗) elds (author?) [3, 4℄.
Subsequently, theoretial and numerial approahes ap-
plied to the asymptoti rossover desription of the singu-
lar behavior observed in pure uids, have onrmed this
haraterization with three parameters (see for example
Refs. (author?) [19, 20, 21, 22, 23, 24℄ and a review in
Ref. (author?) [6℄).
Today, with the appropriate introdution of two uid-
dependent fators in onformity with the two-sale-fator
universality, any theoretial funtion whih ts the tem-
perature dependene of the eetive ritial exponent
along the ritial isohore may be made universal by
simply resaling the temperature distane to the ritial
temperature, as initially proposed by Kouvel and Fisher
(author?) [25℄ who introdued a single rossover tem-
perature sale ∆τ∗X . Unfortunately, the unsolved prob-
lems in these theoretial approahes remain the validity
of the linear approximations of two relevant elds (whih
orretly introdue the two system-dependent sale fa-
tors), the importane of the negleted analytial and non-
analytial orretions, and, more generally, the estima-
tion of the extension range in temperature and densities
around the liquid gas ritial point where the Ising-like
universal features should be observed.
To omplete the above introdution of the non-
universal harater of the asymptoti rossover in pure
uids, we also reall that, at the beginning of the eighties,
the desription of the behavior of the singular thermody-
nami properties at nite distane from the liquid gas
ritial point was also made using the theoretial formu-
lation of the nonasymptoti rossover from a regime of
Ising-like saled behavior to another regime in whih the
ritial anomalies due to large utuations are ignored
(author?) [6, 26, 27, 28, 29, 30℄. The ommon attempt
to address this problem was based on the lassial-to-
ritial rossover desription of the free energy density.
Indeed, this approah is useful for better understand-
ing of rossover ritial phenomena in omplex  uids
where the harater of the rossover reets an interplay
between Ising-like universality aused by long-range u-
tuations and a spei supramoleular struture hara-
terized by an additional nanosopi or mesosopi length
sale (whih an then dier signiantly from (Λ0)
−1
).
Therefore, while the Ising-like two-sale-fator universal-
ity was similarly aounted for introduing the two di-
mensionless parameters of proportionality between the
respetive relevant (physial and renormalized) elds (for
example ct (∼ ϑ) and cρ (∼ ψ) in the notations of Refs.
(author?) [26, 27℄), the fundamental dierene with
the asymptoti rossover desription omes from the in-
trodution of two independent dimensionless parameters
(for example u¯ and Λ in the notations of Ref. (author?)
[29℄), in order to ontrol this nonasymptoti rossover
harater in omplex uids. However, in an appliation
related to the pure uid ase, it is not neessary to in-
trodue an additional mesosopi length sale to aount
for the realisti mirosopi situation in one-omponent
uids (author?) [31℄. Suh pure uids an then be
assimilated to Lennard-Jones-like uids when they are
made of atoms or highly entro-symetrial moleules, or
to short-distane assoiating uids when they inlude
more sophistiated short-rangemoleular interations be-
tween unsymetrial moleules, polar moleules, bonding-
like moleules, et. Moreover, the representation of the
experimental phase surfae of any pure uid by a van der
Waals-like equation of state is not aurate either lose
4or far away from the ritial point (sine the van der
Waals equation of state is theoretially justied only for
innite range of the moleular interation). As a nal re-
sult, the uid-dependent parameters needed to desribe
the lassial behavior of the free energy density have no
quantitative signiation. The nonuniversal omplexity
of the pure uid was then aounted for by introduing a
signiant number of adjustable parameters whose ou-
pling with the two dimensionless rossover parameters
u¯ and Λ an not be ompletely dened. Therefore, in
spite of the orret introdution of a rossover funtion in
the denition of variables and thermodynami potentials,
the only founded theoretial hallenge of the nonasymp-
toti rossover applied to the one-omponent uids re-
mains to aount for the orret Ising-like universal fea-
tures with a single rossover sale. The uniqueness of the
rossover sale an thus be dened introduing an arbi-
trary xed value of the produt u¯Λ (author?) [30℄. The
set {u¯ (orΛ) , ct, cρ} appears Ising-like equivalent to the
set {u∗0, ϑ, ψ}. This nonasymptoti rossover (whih thus
must math the asymptoti ritial rossover lose to the
Wilson-Fisher xed point (author?) [32℄) has to be not
ompletely solved in regards to the most reent theoreti-
al preditions of universal exponents (author?) [14, 33℄
and universal amplitude ratios (author?) [10, 14℄. More-
over, the introdution of the single rossover parameter,
whih is then related to the mean-eld onept of the
Ginzburg number (author?) [28℄, add oneptual di-
ulties to understand the role of real mirosopi param-
eters ontrolling a true resaled universal behavior in the
whole rossover region (author?) [2, 5, 34℄.
Finally, sine the van der Waals dissertation, the real
diulty for sientists interested in liquid-gas ritial
phenomena in pure uids, omes from the nonlassial
(i.e. renormalizable) theories whih are not able to pre-
dit the loation of the ritial point, while the lassial
theories provide its unorret loation. Suh a diulty
has generated a ruial experimental hallenge where the
determination of the two harateristi leading ampli-
tudes and the harateristi rossover parameter of eah
pure uid, and alternatively but equivalently, the loal-
ization of its liquid-gas ritial point on the p, V, T phase
surfae, remain mandatory.
Based on this reurrent situation, an alternative phe-
nomenologial way to haraterize the asymptoti singu-
lar behavior of the one-omponent uids was also for-
mulated by Garrabos (author?) [35℄ as follows: If you
are able to loate a single liquid gas ritial point on
the experimental p, vp¯, T phase surfae of a uid parti-
le of mass mp¯, then you are also able to desribe the
asymptoti rossover around this isolated point. p is
the pressure, T is the temperature, vp¯ =
V
N
=
mp¯
ρ
is
the volume of the partile, and ρ is the (mass) density.
Aordingly, a minimal set Qminc,ap¯ made of four ritial
oordinates (author?) [35℄ [see below Eq. (1)℄, pro-
vides unequivoal determination of four (two dimensional
and two dimensionless) sale fators [see below Eqs. (3)
to (7)℄. Then a sale dilatation method of the physi-
al elds an be used to observe and quantify the mas-
ter (i.e., unique) asymptoti rossover behavior of the
{1f}-sublass (author?) [36, 37℄. The two dimensional
ritial parameters, noted (βc)
−1
and αc, take appropri-
ate energy and length dimensions, respetively to redue
the physial variables, the thermodynami funtions, and
the orrelation funtions. The two dimensionless ritial
numbers, noted Yc and Zc, are well-dened harateris-
ti parameters of the ritial interation ell of volume
(αc)
d
. An additional adjustable parameter, noted Λ∗qe,
aounts for quantum eets in light uids at the riti-
al temperature (author?) [38℄. Conversely, when Qminc,ap¯
and Λ∗qe were known for the seleted uid, the asymptoti
master behavior haraterized by three master (i.e. on-
stant) amplitudes was used to alulate the amplitude set{
ξ+,Γ+, a+χ
}
whih haraterizes the asymptoti singular
behavior of this uid. In addition to this intrinsi pre-
ditive power, another important harateristi attahed
to the sale dilatation method was the Ising-like anal-
ogy in its formal introdution of the two dimensionless
sale fators Yc and Zc and the orresponding ones ϑ
and ψ introdued by linear approximations in the mas-
sive renormalization sheme.
As a matter of fat, for eah seleted uid belonging
to the {1f}-sublass, this analogy an be useful to pro-
vide expliit estimation of the unknown sale fator set{
(g0)
−1
, ϑ, ψ
}
[or {u∗0, ϑ, ψ}℄ of the theoretial rossover
funtions (using then, the thermodynami length sale
unit αc of the seleted one-omponent uid as a referene
length a0). Espeially in the ase of the unique form of
the mean theoretial funtions estimated in I (whih in-
orporates the error-bar propagation of the min and max
rossover funtions revisited in (author?) [10℄), we an
formulate the unambiguous modiations of the theoret-
ial rossover funtions for the {Φ3 (1)}-lass to exatly
math the master two-term Wegner-like expansions valid
within the Ising-like preasymptoti domain of the {1f}
-sublass.
These formulations were used to study the orrela-
tion length in the homogeneous domain of seven one-
omponent uids (author?) [39℄ and the squared ap-
illary length in the non-homogeneous domain of twenty
one-omponent uids (author?) [40℄. Similarly, a re-
ent appliation to the pratial parahor orrelations
(i.e., equations expressing surfae tension as a power law
of the density dierene between oexisting gas and liq-
uid phases), have shown that the orresponding master
form ats as a universal equation of state for the inter-
faial properties (author?) [41℄. Now, our present ob-
jetive is to ahieve the omplete uniquevoal link be-
tween these updated results of I and the sale dilatation
method to predit the master singular behavior of the
{1f}-sublass. For these studies, the analytial relations
between the relevant saling elds of both desriptions
must be dened.
The paper is organized as follows. In Setion 2 the
master desription of the universal features within the
5Ising-like preasymptoti domain is realled. First, start-
ing from the four ritial oordinates of the ritial point,
we dene four sale fators whih are needed to un-
ambiguously determine three dimensionless amplitudes
whih haraterize the Ising-like preasymptoti domain of
eah one-omponent uid. Seond, we show the master
singular behavior of the isothermal ompressibility, ap-
plying the sale dilatation method to the related physial
quantities. That omplete the master sigular behavior of
the orrelation length in onformity with the two-sale-
fator universality of the {Φ3 (1)}-universality lass. In
Setion 3, a brief presentation of the theoretial rossover
funtions for the orrelation length and the suseptibil-
ity in the homogeneous phase is given to demonstrate
the analytial mathing with the master singular behav-
ior provided by the sale dilatation method. Introduing
three well-dened dimensionless numbers haraterizing
the {1f}-sublass, the unequivoal link between three
theoretial amplitudes, whih haraterize the {Φ3 (1)}-
universality lass, and three master amplitudes, whih
haraterize the {1f}-sublass, is given before onluding
in Setion 4. Two appendies deal with rst, the equiva-
lene between dierent one-parameter rossover models,
and seond, the determination of the rossover parameter
beyond the preasymptoti domain using the well-known
linear model of the parametri equation of state with ef-
fetive exponents.
2. MASTER SINGULAR DESCRIPTION OF
THE ONE-COMPONENT FLUID SUBCLASS
2.1. The minimal set of ritial parameters
For the {1f}-sublass, it was hypothesized (author?)
[35℄ (author?) [36℄ that all the information needed to
haraterize non-quantum uid ritial phenomena is
ontained within the four ritial parameters needed to
loalize the single ritial point and its tangent plane on
the experimental phase surfae of normalized equation of
state Φpap¯ (p, vp¯, T ) = 0 (the needed supplementary in-
formation to haraterize quantum uids is given in Ref.
(author?) [38℄; see also below Eqs. (9) and (10)). This
minimal set of four oordinates reads as follows
Qminc,ap¯ =
{
Tc, pc, vp,c, γ
′
c
}
(1)
where vp¯,c =
V
Nc
=
mp¯
ρc
is the ritial volume per partile
(V is the total volume, Nc is the total ritial number of
partiles, and ρc is the ritial density), and
γ
′
c =
(
∂p
∂T
)
vp¯=vp¯,c;T=Tc
=
(
dp
sat
dT
)
T=Tc
(2)
is the ommon ritial diretion of the ritial isohore
and the saturation pressure urve at the ritial point, in
the p;T diagram. γ
′
c is related to the Riedel fator (au-
thor?) [42℄, αR,c =
(
d log p
sat
d log T
)
T=Tc
, through the relation
αR,c =
Tc
pc
γ
′
c. The subsript c refers to a ritial quantity.
From Eq. (1), we an onstrut a more onvenient set,
Qminc =
{
(βc)
−1
, αc, Yc, Zc
}
(3)
making use of the following four sale fators
(βc)
−1 = kBTc ∼ [energy] , (4)
αc =
(
kBTc
pc
) 1
d
∼ [length] , (5)
Zc =
pcvp,c
kBTc
∼ [dimensionless] , (6)
Yc =
(
γ
′
c
Tc
Pc
)
− 1 ∼ [dimensionless] (7)
(βc)
−1
and αc are used to express dimensionless quanti-
ties. αc is a measure of the eetive range of the miro-
sopi short-range moleular interation (Lennard-Jones
like in nature) (author?) [31℄. Zc is the ritial om-
pression fator, while Yc = αR,c−1. In the above dimen-
sionless form of the thermodynami funtions normalized
per partile,
1
Zc
is the number of partiles in the volume
vc,I = (αc)
d
(8)
whih orresponds to the volume of the ritial intera-
tion ell (author?) [35℄.
This atual set Qminc (made from measured ritial pa-
rameters), refers to the harateristi range of the mi-
rosopi moleular interation in lassial (i.e. non-
quantum) uids [here the moleular interation range is
measured by αc of Eq. (5)℄. To inlude quantum uids
in the one-omponent uid sublass (author?) [38℄, we
need the phenomenologial introdution of a supplemen-
tary adjustable parameter, noted Λ∗qe, whih aounts for
the quantum eets at this mirosopi length sale of
the eetive moleular interation. The (dimensionless)
parameter Λ∗qe (author?) [38℄ is given by
Λ∗qe = 1 + λc (9)
with
λc = λq,f
ΛT,c
αc
(10)
λq,f (with λq,f > 0), is thus a non universal adjustable
number whih aounts for statistial ontribution due to
the nature (boson, fermion, et.) of the quantum partile.
ΛT,c =
hP
(2πmp¯kBTc)
1
2
is the de Broglie thermal wave-vetor
at T = Tc, hP is the Plank onstant (the subsript P
is here added to make a distintion with the theoretial
ordering eld noted h).
62.2. Thermodynami haraterization of the
ritial interation ell
We introdue the (mass) density variable ρ =
Nmp
V
=
mp
vp¯
and we onsider the usual ompression fator
Z =
pV
NkBT
=
pmp
ρkBT
(11)
generally expressed in thermodynami textbooks (au-
thor?) [43℄ as a funtion Z (T ∗, ρ˜) of the two dimen-
sionless variables T ∗ = T
Tc
and ρ˜ = ρ
ρc
. Here we note
the distintion underlined using supersript asterisk for
a dimensionless quantity obtained only from(βc)
−1
and
αc units, and deorated tilde for a dimensionless quan-
tity whih an refer to a spei amount of matter, then
introduing also the ritial density ρc. Pratially, the
two dimensionless ritial parameters
y∗p¯,c =
[(
∂Z
∂T ∗
)
ρ˜=ρ˜c
]
CP
= YcZc (12)
z∗p¯,c =
[(
∂Z
∂ρ˜
)
T∗=T∗c
]
CP
= −Zc (13)
are the two preferred diretions (author?) [44℄ of the
harateristi surfae related to the total Grand poten-
tial J (T, V, µp¯), expressed per partile. µp¯ is the hemi-
al potential per partile related to the spei (i.e., per
mass unit) hemial potential µρ by µρ =
µp¯
mp¯
(where the
subsript ρ refers to a spei property). Therefore, it is
essential to note that y∗p¯,c = YcZc and z
∗
p¯,c = −Zc are the
dimensionless forms of two harateristi moleular (i.e.,
per partile) quantities.
As a matter of fat, when we onsider the ther-
modynami desription of a one-omponent uid at
onstant volume of matter, the total Grand poten-
tial J (T, V, µp¯) = −p (T, µp¯)V takes, alternatively but
equivalently, the role of the total Gibbs free energy
G (T, p,N) = µp¯ (T, p)N usually onsidered in the
thermodynami desription of a one-omponent uid
of onstant amount of matter. The external pressure
p (T, µp¯) =
−J
V
of the ontainer maintained at onstant
volume, in ontat with a partile reservoir, is then
the thermodynami potential equivalent to the mole-
ular hemial potential µp¯ (T, p) =
G
N
of the uid main-
tained at onstant amount of matter, in ontat with a
volume reservoir. Therefore, onsidering the normaliza-
tion per partile of the thermodynami desription of a
one omponent uid at onstant volume, the moleular
(i.e., per partile) Grand potential reads, jp¯,vp¯=te. (T ) =
−p (T, µp¯) vp¯. Using the assoiated opposite Massieu
form, zp¯,vp¯=te. = −
(
jp¯,vp¯=te.
T
)
, and the universal
Boltzmann onstant kB as unique unit, we obtain the
following dimensionless form
z∗p¯,vp¯=te. =
zp¯,vp¯=te.
kB
=
p (T, µp¯) vp¯
kBT
≡ Z (14)
whih demonstrates that the ompression fator Z of a
onstant amount of uid matter maintained at onstant
volume (i.e. a one-omponent uid monitored by the
temperature along an isohore) is indeed a dimension-
less moleular potential (author?) [45℄. For the riti-
al lling N = Nc of this isohori ontainer, we obtain
−
(
jp¯,vp¯=te.
T
)∗
N=Nc
= Zρ˜=1 ≡ p
∗
T∗
v∗p¯,c =
Tc
Pc
[
p(T )
T
]
ρ=ρc
Zc.
Here,
[
p(T )
T
]
ρ=ρc
ats as rst harateristi (i.e., inde-
pendent) equation of state for a ritial isohori uid,
where the two extensive variables V and Nc are xed
[i.e., a ritial uid at ρ˜ = 1 in ontat with a thermo-
stat (i.e. an energy reservoir) of onstant energy kBT ℄.
Multiplying the partile property y∗p¯,c by the number of
partile
1
Zc
in the ritial interation ell, it appears that
the ritial quantity Yc =
[(
∂
“
p∗
T∗
”
∂T∗
)
vp¯=vp¯,c
]
CP
is read-
ily a harateristi parameter of the ritial interation
ell.
Now onsidering a ritial isothermal uid where the
two variables V and Tc are xed (i.e., a ritial uid at
T ∗ = 1, lling a onstant total volume thermostated at
onstant ritial energy kBTc, in ontat with a partile-
reservoir), we obtain −
(
jp¯,V=const
T
)∗
T=Tc
= ZT∗=1 ≡
p∗
1 v
∗
p¯ =
1
kB
[p(µp¯)]T=Tc
Tc
vp¯. Here,
[
p(µp¯)
T
]
T=Tc
ats as se-
ond harateristi (i.e., independent) equation of state
for a ritial isothermal one omponent uid. In suh a
thermostated ontainer at xed total volume, we under-
line the fat that the only independent extensive variable
to monitor the thermodynami uid state is the number
of partiles N whih xes the equilibrium mean value of
the moleular hemial potential µp¯. For N = Nc, at
T ∗ = 1 (i.e. the ritial point ondition), the ritial
hemial potential per partile takes the value µp¯,c, suh
that
(
z∗p¯,vp¯=vp¯,c
)
T=Tc
=
pc(µp¯,c)vp¯,c
kBTc
= Zc. Within the
ritial interation ell lled with
1
Zc
partiles, the nor-
malized Grand potential takes the master ritial value
1
Zc
(
z∗p¯,vp¯=vp¯,c
)
T=Tc
= 1.
Therefore, as an essential mirosopi meaning related
to Eq. (8), we note that the ritial set Qminc of Eq.
(3), haraterizes the master thermodynami information
ontained in the ritial interation ell volume of eah
one-omponent uid at the ritial point.
Finally, we summarize the two main onstraints for
the thermodynami desription of a one-omponent uid
near its gas-liquid ritial point:
i) The dimensionless redution of the variables is
mandatorily made by using the two dimensional fators
(βc)
−1
and αc of Eqs. (4) and (5), respetively (see also
Ref. (author?) [17℄);
ii) The thermodynami properties expressed per par-
tile are better suited to understand the mirosopi na-
ture of the two dimensionless numbers Yc and Zc. That
7leads to express dimensionless properties from referene
to the ones estimated for the volume of the ritial inter-
ation ell. Then the thermodynami origin of the dimen-
sionless master (i.e., unique) onstants is well-identied.
2.3. The relevant physial elds rossing the
liquid-gas ritial point
Suh a onstrained dimensionless thermodynami de-
sription is appropriately obtained from the Grand
anonial statistial distribution, onsidering a one-
omponent uid in ontat with a partile-energy reser-
voir maintained at onstant total volume V . Seleting
the thermodynami nature (xing, either the energy level
kBT , or the partile amount N) of the reservoir to reah
the ritial point (either at onstant ritial density, or
onstant ritial temperature), the normalized thermody-
nami potential is then related to the intensive quantities[
p(T )
T
]
ρ=ρc
or
[
p(µp¯)
T
]
T=Tc
. In addition to the tempera-
ture variable onjugated to the total entropy, the other
natural (intensive) variable is the hemial potential per
partile µp¯, onjugated to the natural utuating total
number of partiles N (leading to the utuating num-
ber density n = N
V
). Therefore, the two relevant physial
elds, either to express the nite distane to the ritial
point, or to ross it, along the ritial isohore and along
the ritial isotherm, are
∆τ∗ = kBβc (T − Tc) (15)
and
∆h∗ = βc (µp¯ − µp¯,c) (16)
respetively. Using the thermodynami desription per
partile, the order parameter density is then proportional
to the ritial number density dierene n−nc (nc = NcV
is the number density), and the assoiated dimensionless
order parameter density is given by (author?) [36, 46℄:
∆m∗ = (n− nc) (αc)d (17)
We retrieve the distintion (using supersript asterisk or
deorated tilde), either between ∆h∗ [see Eq. (16)℄, and
∆µ˜ = (µρ − µρ,c) ρc
pc
(18)
or between ∆m∗ [see Eq. (17)℄, and
∆ρ˜ =
ρ− ρc
ρc
(19)
where ∆µ˜ and ∆ρ˜ were ustomarily dened in a ritial
uid desription using spei properties and pratial
dimensionless variables x˜ = x
xc
(see, for example, Refs.
(author?) [6, 16℄). The orresponding relations an be
expressed as follows,
∆h∗ = Zc∆µ˜ (20)
∆m∗ =
1
Zc
∆ρ˜ (21)
whih show that the dimensionless isothermal susepti-
bilities χ∗T =
[
∂(∆m∗)
∂(∆h∗)
]
T∗
and χ˜T =
[
∂(∆ρ˜)
∂(∆µ˜)
]
T˜
dier by
a fator
(
1
Zc
)2
. Equations (20) and (21) illustrate the
primary role of Zc in the dimensionless form of thermo-
dynamis, due to the fat that (Zc)
−1
, i.e., the parti-
le number within the ritial interation ell volume, a-
ounts for extensivity of the ritial uid.
2.4. The sale dilatation method for the
{1f}-sublass
A detailed presentation of the sale dilatation method
an be found in referenes (author?) [35, 36, 37, 38, 46℄.
Hereafter we only reall the main features whih lose the
master desription of the singular behaviors of the {1f}-
sublass within the preasymptoti domain (with γ, ν,
and ∆ seleted as independent ritial exponents). The
sale dilatation method uses expliit analytial transfor-
mations of eah physial eld ∆τ∗ and ∆h∗ given by the
equations
T ∗
qf
≡ T ∗ = Yc |∆τ∗| (22)
H∗
qf
=
(
Λ∗qe
)2H∗ = (Λ∗qe)2 (Zc)− d2 |∆h∗| (23)
where T ∗
qf
≡ T ∗ is the renormalized thermal eld, andH∗
qf
is the renormalized ordering eld. The subsript qf dis-
tinguishes between a quantity whih refers to a quantum
uid (i.e., Λ∗qe 6= 1) from the one whih refers to a non-
quantum uid (i.e., Λ∗qe = 1) (author?) [38℄. Aord-
ingly, the analyti transformation between the physial
order parameter density ∆m∗ and the renormalized or-
der parameter density M∗
qf
, reads as follows (author?)
[36, 38, 46℄
M∗
qf
= Λ∗qeM∗ = Λ∗qe (Zc)
d
2 |∆m∗| (24)
Introduing then the dimensionless orrelation length
ξ∗ = ξ
αc
, the renormalized orrelation length ℓ∗
qf
is given
by the equation
ℓ∗
qf
=
(
Λ∗qe
)−1
ℓ∗ =
(
Λ∗qe
)−1
ξ∗ (25)
whih preserves the same length unit for thermodynami
and orrelations funtions (with ℓ∗ ≡ ξ∗ for the non-
quantum uid ase).
The master asymptoti singular behavior of ℓ∗
qf
(T ∗)
was studied in (author?) [39℄. Speially, the observed
asymptoti divergene of ℓ∗
qf
was represented by the fol-
lowing (two-term) Wegner expansion
ℓ∗
qf
= Z+ξ (T ∗)−ν
[
1 + Z1,+ξ (T ∗)∆
]
(26)
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qf
n
Z
+
χ ;Z
+
ξ
o
Z
±
P
n
Z
1+
χ
o
Z
1±
P P
± P 0,± P 1,±
ℓ∗
qf
Z
+
ξ = 0.570481 Z
1,+
ξ = 0.37695 ξ ξ
±
0 = αcξ
± = αcΛ∗qe(Yc)
−νZ
±
ξ a
±
ξ = Z
1,±
ξ (Yc)
∆
Z
−
ξ
= 0.291062 Z1,−
ξ
= 0.37695
X ∗
qf
Z
+
χ = 0.119
∗ Z
1,+
χ = 0.555
∗ κ∗T Γ
± =
`
Λ∗qe
´d−2
(Zc)−1(Yc)−γZ
±
χ a
±
χ = Z
1,±
χ (Yc)
∆
Z
−
χ = 0.0248465 Z
1,−
χ = 2.58741
C∗
qf
Z
+
C = 0.105658 Z
1,+
C = 0.522743 c
∗
V
A±
α
=
`
Λ∗qe
´−d
(Yc)2−αZ
±
C a
±
C = Z
1,±
C (Yc)
∆
Z
−
C = 0.196829 Z
1,−
C = 0.384936
M∗
qf
ZM = 0.468
∗ Z1M = 0.4995 ∆ρ
∗
LV B =
`
Λ∗qe
´−1
(Zc)
− 1
2 (Yc)βZM aM = Z
1
M (Yc)
∆
Table I: Master (P∗
qf
) and physial (P±) amplitude values of the singular behavior of the orrelation length (lines 2 and 3), the
suseptibility (lines 4 and 5), the spei heat (lines 6 and 7) and the order parameter density (line 8), along the ritial isohore
of any one-omponent uid; olumns 2 and 4: independent master amplitudes [see Eq. (40); olumns 3 and 5: amplitude values
in onformity with the theoretial universal features estimated within the Ising-like preasymptoti domain (author?) [10, 14℄;
asterisk indiate the experimental master values estimated using xenon as a standard ritial uid (see Refs. (author?)
[36, 37, 48℄);olumns 7 and 8; orresponding physial amplitudes when Qminc =
˘
(βc)
−1
, αc, Yc, Zc
¯
and Λ∗qe are known for the
seleted one-omponent uid.
where ν = 0.6303875 and ∆ = 0.50189 (author?) [14℄.
The leading amplitude Z+ξ = 0.570481 and the rst
onuent amplitude Z1,+ξ = 0.37695 have master (i.e.
unique) values for the {1f}-sublass. The assoiated
asymptoti singular behavior of the physial orrelation
length was given by
ξ
exp
(∆τ∗) = ξ+0 (∆τ
∗)
−ν
[
1 + a+ξ (∆τ
∗)
∆
]
(27)
Therefore, the term to term omparison of (master) Eq.
(26) and (physial) Eq. (27), results in the following
amplitude ombinations
ξ+0
αc
= ξ+ = Λ∗qe (Yc)
−ν Z+ξ (28)
a+ξ = Z1,+ξ (Yc)∆ (29)
Applying now the sale dilatation method to any phys-
ial (thermodynami) property P (∆τ∗), the master sin-
gular behavior for the renormalized (thermodynami)
property P∗
qf
(T ∗) an be also observed and represented
within the preasymptoti domain by the restrited ex-
pansion
P∗
qf
= Z±P (T ∗)−eP
[
1 + Z1,±P (T ∗)∆
]
(30)
where Z±P and Z1±P are two master onstants for any
one-omponent uid (see Table I). To lose the mas-
ter desription in onformity with the universal features
estimated within this Ising-like preasymptoti domain,
we omplete the representation of the master orrelation
length with the one of the master suseptibility X ∗
qf
ob-
tained from master order parameter density M∗
qf
, and
master ordering eld H∗
qf
, using the thermodynami def-
inition, X ∗
qf
=
(
∂M∗
qf
∂H∗
qf
)
T ∗
. X ∗
qf
is related to the dimen-
sionless isothermal suseptibility χ∗T =
(
∂(∆m∗)
∂(∆h∗)
)
∆τ∗
by
the following equations,
X ∗
qf
=
(
Λ∗qe
)2−d
κ∗T
=
(
Λ∗qe
)2−d
(Zc)
d
χ∗T
(31)
As previously mentioned for the ritial isohore ase,
χ∗T (n
∗
c) =
χ˜T (ρ˜=1)
(Zc)
2 , while χ˜T (ρ˜ = 1) ≡ κ∗T (ρ˜ =
1) [with χ˜T =
(
∂(∆ρ˜)
∂(∆µ˜)
)
∆τ∗
= (ρ˜)
2
κ∗T ℄, where κ
∗
T
is the dimensionless isothermal ompressibility κ∗T =
1
βc(αc)
d
[
1
ρ
(
∂ρ
∂p
)
T
]
= pcκT (with κT =
1
ρ
(
∂ρ
∂p
)
T
). There-
fore, the master suseptibility an be also related to the
dimensionless isothermal ompressibility by,
X ∗
qf
=
(
Λ∗qe
)2−d
Zcκ
∗
T (32)
The master asymptoti singular behavior of X ∗
qf
reads as
follows
X ∗
qf
= Z+χ (T ∗)−γ
[
1 + Z1,+χ (T ∗)∆
]
(33)
where γ = 1.2396935 (author?) [14℄. The master values
of the leading and onuent amplitudes are Z+χ = 0.119
and Z1,+χ = 0.555, respetively, where the universal value
of the onuent amplitude ratio
Z1,+
ξ
Z1,+χ
= 0.67919 is given
in Ref. (author?) [10℄. The assoiated asymptoti sin-
gular behavior of the isothermal ompressibility reads as
follows
κ∗T,exp (∆τ
∗) = Γ+ (∆τ∗)
−γ
[
1 + a+χ (∆τ
∗)
∆
]
(34)
The term to term omparison of (master) Eq. (33) and
(physial) Eq. (34), leads to the following amplitude es-
timations
Γ+ =
(
Λ∗qe
)d−2
(Zc)
−1
(Yc)
−γ Z+χ (35)
a+χ = Z1+χ (Yc)∆ (36)
9Figure 1: (Color online) Singular behavior of the isothermal ompressibility of the one-omponent uids. (a) κT as a funtion
of T − Tc > 0 (log-log sale), along the ritial isohore for Xe, Kr,
3
He, SF6, CO2, and C2H4 (see inserted Table for uid
olor indexation); (b) Log-Log plot of κ∗T (∆τ
∗); blak full urve: mean-eld behavior of equation κ∗T,vdW =
1
6
(∆τ∗)−γMF with
γ
MF
= 1. () Mathed master behavior (log-log sale) of the renormalized suseptibility X ∗
qf
=
`
Λ∗qe
´2−d
Zcκ
∗
T [see Eqs. (31)℄,
as a funtion of the renormalized thermal eld T ∗ [see Eqs. (22)℄; blak full urve: Eq. (84); red dashed urve: tangent of Eq.
(B12) at the point M (see text and Appendix B); (full) arrow (label PAD): master extension of the Ising like preasymptoti
domain of Eq. (100); (dashed) arrow (label EAD): eetive extension of the extended asymptoti domain of Eq. (111)
orresponding to ℓ∗
qf
=
`
Λ∗qe
´−1 ξ
αc
& 3 (see Ref. (author?) [39℄); grey area: master orrelation length range 10.5 . ℓ∗
qf
. 0.73
(thermal eld range 1.9 × 10−2 . T ∗ . 1) disussed in Appendix B .
with
Z1,+ξ
Z1,+χ
=
a+ξ
a+χ
= 0.67919 (37)
The expeted asymptoti ollapse of the uid proper-
ties on a single urve due to the sale dilatation method
is illustrated in Fig. 1 (log-log sale). The raw data are
reported in Fig. 1a to easily distinguish between singu-
lar behavior of κT (expressed in Pa
−1
) as a funtion of
T − Tc (expressed in K), for eah one-omponent uid
(see the uid olor indexation inserted in Fig. 1). Fig-
ure 1b illustrates the dierenes between the orrespond-
ing dimensionless behaviors κ∗T (∆τ
∗) whih onrm the
failure of results provided by the two-parameter orre-
sponding state priniple. This gure also shows the fail-
ure of mean-eld like behavior predited from the van der
Waals (vdW) equation of state whih is here represented
by the blak full urve of equation κ∗T,vdW (∆τ
∗)
γ
vdW =
Γ+
vdW
= 16 , with γvdW = γMF = 1. On the other hand,
Fig. 1 demonstrates the ollapse of X ∗
qf
(T ∗) on a mas-
ter urve where the satter orresponds to the estimated
κT -preision (5-10%) for eah uid. We underline the
ombination of the saling and extensive roles of the
harateristi fator Zc in the renormalization [see Eqs.
(31) and (32)℄ of the ordinate axis of Fig. 1 (ompare
for example with Fig. 3 of Ref. (author?) [20℄ or with
Fig. 2 of Ref. (author?) [22℄). The omplementary ma-
terials for omplete analysis of this Fig. 1 will be given
below and in Appendix B.
Therefore, adding the orrelation length results given
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in Fig. 1 of Ref. (author?) [39℄ to the present isother-
mal suseptibility results, we lose the asymptoti mas-
ter behavior generated by the sale dilatation method, in
onformity with the two-sale-fator universality of the
Ising-like systems.
To summarize the main interest of this Ising-like mas-
ter desription of the {1f}-sublass (assoiated to the
seleted set {∆; ν; γ} of three independent universal ex-
ponents (author?) [14℄), we introdue
i) the physial amplitude set
SA =
{
a+χ ; ξ
+; Γ+
}
(38)
whih haraterizes the physial Ising-like universal fea-
tures of eah seleted pure uid having the ritial set{
Qminc ; Λ
∗
qe
}
;
ii) the orresponding sale fator set
SSF =
{
Yc;Zc; Λ
∗
qe
}
(39)
whih haraterizes the dimensional universal features of
the ritial interation ell of eah seleted pure uid hav-
ing (βc)
−1
and αc as energy and length units, respe-
tively, and
iii) the master amplitude set,
S{1f}A =


Z1,+χ = 0.555
Z+ξ = 0.570481
Z+χ = 0.119

 (40)
whih haraterizes the master Ising-like universal fea-
tures of the {1f}-sublass. Three independent relations,
i.e., [Eqs. (28), (35), and (36)℄, onneting these three
previous sets, an be written in the following ondensed
funtional form
S{1f}A = {SA F (SSF )}(βc)−1,αc,Λ∗qe (41)
where the funtion F (SSF ) takes an universal saling
form of the two (uid-dependent) sale fators Yc and
Zc. Aordingly, any physial amplitude of any one-
omponent uid an be estimated from the equations
given in Table I satisfying to the two-sale-fator uni-
versality of the {Φ3 (1)}-lass (where xenon ats as a
standard ritial uid to estimate three harateristi
master amplitudes labeled with an asterisk, see Refs.
(author?) [36, 37, 48℄). However, the eetive exten-
sion range where the master behavior is observed, as an
expliit riteria whih denes the preasymptoti range
where the two-term Wegner-like expansion is valid, re-
main not easy to estimate preisely only using the sale
dilatation method. These two problems an be solved us-
ing a master modiation of the mean rossover funtions
(author?) [13℄ obtained from the massive renormaliza-
tion sheme, as shown in the next setion.
3. MASTER MODIFICATIONS OF THE MEAN
CROSSOVER FUNCTIONS
3.1. System-dependent parameters of the mean
rossover funtions.
For the {Φ3 (1)}-lass, the mean rossover funtions
FP (t, h = 0) desribing the rossover behavior of the the-
oretial properties P
th
(t) as a funtion of the renormal-
ized temperature-like eld t, for zero value of the external
ordering (magneti-like) eld h, are given in detail in I.
All the theoretial funtions FP (t) have the same fun-
tional form whatever P
th
, and, as noted in I, a losed
presentation of their universal features, only needs to use
for example the mean rossover funtions Fℓ (t) =
1
ℓ
th
(t)
for the inverse orrelation length, and Fχ (t) =
1
χ
th
(t) for
the inverse suseptibility, at h = 0, in the homogeneous
phase T > Tc [T (Tc) is the temperature (ritial temper-
ature)℄. These two theoretial funtions read as follows:
[ℓ
th
(t)]
−1
= Z+ξ t
ν
3∏
i=1
(
1 +X+ξ,it
D(t)
)Y +
ξ,i
(42)
[X
th
(t)]
−1
= Z+χ t
γ
3∏
i=1
(
1 +X+χ,it
D(t)
)Y +χ,i
(43)
D (t) is a universal mean rossover funtion for the on-
uent exponents ∆ and ∆
MF
whih reads
D (t∗) =
∆
MF
S2
√
t+∆
S2
√
t+ 1
(44)
suh that D
(
t = 1
(S2)
2
)
= ∆MF+∆2 . All the universal
exponents ν, γ, ∆, ∆
MF
, and the parameters Z
+
ξ , X
+
ξ,i,
Y +ξ,i, Z
+
χ , X
+
χ,i, Y
+
χ,i, and S2, are given in I.
The temperature-like eld t is analytially related to
the physial dimensionless temperature distane
∆τ∗ =
T − Tc
Tc
(45)
by the following linear approximation
t = ϑ∆τ∗ (46)
whih introdues ϑ as an adjustable (system-dependent)
parameter. Here ϑ is a sale fator for the tempera-
ture eld. Correlatively, it is important to note that
the denition of ∆τ∗ [see Eq. (45)℄, introdues the rit-
ial temperature Tc as a system-dependent parameter.
Then the relation between the dimensionless thermody-
nami free energies of the Φ4-model and the physial
(one-omponent uid) system, only involves the energy
unit (βc)
−1
= kBTc.
Similarly, the ordering-like eld h is analytially re-
lated to the orresponding physial dimensionless vari-
ables∆µ˜ (or∆h∗) by the following linear approximations
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(inluding quantum eets)
h = ψρ
[(
Λ∗qe
)2
∆µ˜
]
or h = ψ
[(
Λ∗qe
)2
∆h∗
]
(47)
whih introdue ψρ (or ψ) as an adjustable (system-
dependent) parameter. ψρ, respetively ψ = (Zc)
−1
ψρ,
is a sale fator for the ordering eld ∆µ˜, respetively
∆h∗ = Zc∆µ˜.
Aordingly, the dimensional analysis of eah term of
the dimensionless hamiltonian of the Φ4-model leads to
the introdution of a nite arbitrary wave-vetor Λ0, so-
alled the uto parameter, whih is related to the nite
short range of the mirosopi interation (see for exam-
ple, Ref. (author?) [7℄). Sine the value of the ut-
o parameter of a seleted physial system is generally
unknown, a onvenient method at d = 3 onsists in re-
plaing Λ0 by g0 (author?) [12, 13℄, whih is the ritial
oupling onstant having the orret wavenumber dimen-
sion (see our introdutive part). This system-dependent
wavenumber g0 provides the pratial adjustable link
between the theoretial dimensionless orrelation length
(ℓ
th
) and the measured physial orrelation length (ξ
exp
)
of the system at d = 3, through the tting equation :
(
Λ∗qe
)−1
ξ
exp
(∆τ∗) = (g0)
−1
ℓ
th
(t) (48)
In Eq. (48), (g0)
−1
appears as a metri prefator for the
theoretial orrelation length funtion. From Eqs. (46),
(47), and (48), the asymptotial non-universal nature of
eah physial system is then haraterized by the sale
fator set
{
ϑ; (g0)
−1 ;ψρ (or ψ)
}
(with impliit knowl-
edge of Tc and Λ
∗
qe). However, for the present uid study
where the thermodynami length unit is already xed
by Eq. (5), the above tting Eq. (48) introdues one
supplementary dimensionless number dened suh as:
L
{1f} = g0αc (49)
where the notation L{1f} antiipates a master nature of
this produt whih we will demonstrate below [see Eq.
(93)℄. More generally, in order to maintain uniity of the
length unit in the dimensionless desription of the sin-
gular behavior, any theroretial density property (whih
impliitely refers to the length sale unit (g0)
−1
) needs to
introdue the proportionality fator
(
L{1f}
)−d
to the or-
responding dimensionless physial density whih refers to
the length sale unit αc. As a diret onsequene of the
tting Eq. (48) for the orrelation length, the order pa-
rameter density m must be analytially related to the
orresponding physial dimensionless variables ∆ρ˜ (or
∆m∗) by the following linear approximation (inluding
quantum eets)
m =
(
L{1f}
)−d
(ψρ)
−1 [
Λ∗qe∆ρ˜
]
orm =
(
L{1f}
)−d
ψ−1
[
Λ∗qe∆m
∗
] (50)
For simpliation of the following presentation, we only
use ψρ related to the pratial dimensionless form of the
variables (see above  2.3).
Finally, adding the knowledge of the energy unit and
the length unit for eah pure uid to the theoretial re-
sults obtained from the massive renormalization sheme,
the dimensionless singular behaviors of the uid proper-
ties are now haraterized by the set
SSF =
{
ϑ;L{1f};ψρ
}
(51)
made of three dimensionless sale fators (admitting that
(βc)
−1
, αc, and Λ
∗
qe are known). Therefore, it is easy to
analytially dene these three dimensionless parameters
whih haraterize eah Ising-like uid, thanks to the ex-
at values of the mean rossover funtions within this
preasymptoti domain.
3.2. Three sale-fator haraterization within the
Ising-like preasymptoti domain.
As already mentionned in the introdution and dis-
ussed in a detailed manner in I, this asymptoti hara-
terization is valid within the Ising-like preasymptoti do-
main where the omplete rossover funtions of Eqs. (42)
and (43) an be approximated by the following restrited
(two-term) Wegner-like expansions (author?) [15℄:
ℓ
PAD,th
(t) =
(
Z
+
ξ
)−1
t−ν
[
1 + Z1,+ξ t
∆
]
(52)
X
PAD,th
(t) =
(
Z
+
χ
)−1
t−γ
[
1 + Z1,+χ t
∆
]
(53)
In Eqs. (52) and (53), Z
1,+
ξ [see below Eq. (54)℄, is the
amplitude of the rst onuent orretion to saling for
the orrelation length, whih is related to the one for the
suseptibility Z1,+χ [see below Eq. (55)℄, by the universal
ratio
Z
1,+
ξ
Z
1,+
χ
= 0.67919 (author?) [10℄, with:
Z
1,+
ξ = −
3∑
i=1
X+ξ,iY
+
ξ,i (54)
Z
1,+
χ = −
3∑
i=1
X+χ,iY
+
χ,i (55)
The theoretial eld extension t . LIsing
PAD
of the Ising-like
preasymptoti domain where the restrited Eqs. (52) and
(53) are valid is dened in I, suh as
LIsing
PAD
=
10−3
(S2)
2 ≈ 1.9 10−6 (56)
Now onsidering all the theoretial funtions estimated
for all the singular properties of the Ising-like systems
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(see I), we an note that the universal features in the
Ising-like preasymptoti domain are haraterized by the
set
S
{MR}
A =


Z1,+χ = 8.56347(
Z
+
ξ
)−1
= 0.471474(
Z+χ
)−1
= 0.269571

 (57)
of three theoretial amplitudes assoiated to the set
{∆; ν; γ} of three universal exponents seleted as inde-
pendent. Aordingly, the restrited forms of two inde-
pendent tting equations are
(
Λ∗qe
)−1 ξ
exp
αc
=
(
L{1f}
)−1 (
Z
+
ξ
)−1
(ϑ∆τ∗)−ν[
1 + Z1,+ξ (ϑ∆τ
∗)
∆
]
(58)
(
Λ∗qe
)2
κ∗T,exp =
(
L{1f}
)d
(ψρ)
2 (
Z+χ
)−1
(ϑ∆τ∗)
−γ[
1 + Z1,+χ (ϑ∆τ
∗)
∆
]
(59)
where ξ
exp
and κ∗T,exp are given by the restrited Wegner-
like expansions of Eqs. (27) and (34), respetively. That
provides the following hierarhial relations
a+χ = Z
1,+
χ ϑ
∆
(60)
ξ+0
αc
= ξ+ =
(
Z
+
ξ
)−1 (
L
{1f}
)−1
Λ∗qeϑ
−ν
(61)
Γ+ =
(
Z
+
χ
)−1 (
L
{1f}
)d (
Λ∗qe
)d−2
(ψρ)
2
ϑ−γ (62)
with
a
+
ξ
a
+
χ
=
Z
1,+
ξ
Z
1,+
χ
= 0.67919 (author?) [10, 14℄. We un-
derline the fat that Eq. (60) (or equivalently equation
a+ξ = Z
1,+
ξ ϑ
∆
in the orrelation length ase), is to be
rst validated (to onfer unequivoal Ising-like equiva-
lene between the rst (system-dependent) sale fator
ϑ and a+χ ). Then Eq. (61) xes the asymptoti ampli-
tude of the dimensionless orrelation length and gener-
ates a single sale fator attahed to the seleted (phys-
ial) length unit, whih is then mandatory ommon to
the thermodynami and orrelations funtions. Finally,
the validation of Eq. (62) provides unequivoal Ising-
like equivalene between the seond (system-dependent)
sale fator ψρ and Γ
+
(aounting for ritial and ex-
tensive nature of the suseptibility).
Equations (60) to (62) satisfy the following ondensed
funtional form
S
{MR}
A = {SA F (SSF )}(βc)−1,αc,Λ∗qe (63)
where the funtion F takes an universal saling form
of the dimensionless asymptoti sale fators ϑ and ψρ.
The universal harater of Eq. (63) ours for any
one-parameter rossover modeling. That infers Ising-
like equivalene between all estimated rossover funtions
only using three model-dependent harateristi num-
bers. This result is shown in Appendix A, onsidering the
asymptoti rossover infered by the minimal-subtration
renormalization sheme (author?) [11, 24℄ and the phe-
nomenologial approah given by a parametri model of
the equation of state (author?) [30℄.
Obviously, from Eqs. (46) and (56), it is easy to dene
the extension range
∆τ∗ < Lf
PAD
=
LIsing
PAD
ϑ
≃ 1.9× 10
−6
ϑ
(64)
of the Ising-like preasymptoti domain of the seleted
uid (labeled with supersript f). Therefore, for eah
one-omponent uid for whih ϑ (or equivalently one on-
uent amplitude among a+χ or a
+
ξ ) is an unknown pa-
rameter, the remaining question of onern is: How to
dene the validity range ∆τ∗ < Lf
PAD
where the theo-
retial Ising-like haraterization by three sale fators
an replae the experimental haraterization by three
asymptoti amplitudes?
3.3. Three free-parameter haraterization beyond
the Ising-like preasymptoti domain
As noted in Ref. (author?) [10℄, in the absene of in-
formation onerning the true extension of the Ising-like
behavior for a real system belonging to the 3D Ising-like
universality lass, the introdution of the sale fators ϑ,
ψρ, and the wavelength unit g0 throughout Eqs. (46)
to (48) annot be easily ontrolled. Alternatively, it was
proposed to introdue three adjustable dimensionless pa-
rameters L∗0,L, X
∗
0,L, and ϑL, using the following tting
equations:
αc
ξ∗
exp
(∆τ∗) =
(
L
∗
0,L
)−1
Z
+
ξ (∆τ
∗)
ν
∏K
i=1
(
1 +X+ξ,i (t)
D(t)
)Y +
ξ,i
(65)
1
κ∗T,exp(∆τ
∗) =
(
X∗0,L
)−1
Z+χ (∆τ
∗)
γ
∏K
i=1
(
1 +X+χ,i (t)
D(t)
)Y +
X,i
(66)
with
t = ϑL∆τ
∗
(67)
L∗0,L and X
∗
0,L are two adjustable metri prefators (with
same value above and below Tc). ϑL is a global rossover
parameter in a sense where it is attahed to an unknown
eetive parameter Lf whih measures the extent of t-
ting agreement involving an undened number of terms
in the Wegner-like expansion (see I for details). The de-
termination of ϑL is then equivalent to the determination
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of Lf . However, within the Ising-like preasymptoti do-
main, the restrited forms of the tting Eqs. (65) and
(66) are
ξ
exp
αc
= L∗0,L
(
Z
+
ξ
)−1
(∆τ∗)
−ν
[
1 + Z1,+ξ (ϑL∆τ
∗)
∆
]
(68)
κ∗T,exp = X
∗
0,L
(
Z
+
χ
)−1
(∆τ∗)−γ
[
1 + Z1,+χ (ϑL∆τ
∗)∆
]
(69)
Therefore, the physial leading amplitudes an be alu-
lated using the (independent) equations:
ξ+0
αc
= L∗0,L
(
Z
+
ξ
)−1
(70)
Γ+ = X∗0,L
(
Z
+
χ
)−1
(71)
i.e., without expliit referene to ϑL (however the sub-
sript L realls for the impliit ϑL dependene due to
the tting in the temperature range ∆τ∗ ≤ Lf , with
Lf > Lf
PAD
). Notieable distintion ours for the on-
uent orretions to saling sine the rst onuent am-
plitudes are only ϑL-dependent and an be alulated
using the equations:
a+ξ = (ϑL)
∆
Z
1,+
ξ (72)
a+χ = (ϑL)
∆
Z
1,+
χ (73)
interrelated by the universal ratio
Z
1,+
ξ
Z
1,+
χ
= 0.67919 (au-
thor?) [10℄.
For better understanding of the saling nature of the
analytial transformations of the physial variables [suh
as Eqs. (46) or (67)℄, we selet Eq. (73) as the indepen-
dent equation for the ritial rossover haraterization.
We must then rewrite the above Eqs. (70) to (73) in the
following hierarhial forms
(ϑL)
−∆
a+χ = Z
1,+
χ = universal st. (74)
(
L
∗
0,L
)−1 ξ+0
αc
=
(
Z
+
ξ
)−1
= universal st. (75)
(
X
∗
0,L
)−1
Γ+ =
(
Z
+
χ
)−1
= universal st. (76)
where the l.h.s. of the above equations ontain all the
system-dependent information, rst for Ising-like riti-
al rossover, then for asymptoti behavior of orrelation
funtions, and nally for asymptoti behavior of thermo-
dynami funtions. Moreover, this information is given
in a dual form, i.e., as a produt between a physial
amplitude (a+χ , ξ
+
, or Γ+) and either a rossover fator
(ϑL), whih ats as a sale fator for the onuent orre-
tion ontribution, or a pre-fator (L∗0,L or X
∗
0,L) whih
ats as a simple fator of proportionality for the orre-
sponding leading amplitude (ξ+ or Γ+). The following
set
S1C,L =
{
ϑL;L
∗
0,L;X
∗
0,L
}
(77)
is equivalent to the previous set SSF of Eq. (51), ex-
ept that the subsript 1C,L realls for a single rossover
parameter obtained over an extended temperature range
Lf > Lf
PAD
, beyond the Ising-like preasymptoti domain.
The following ondensed funtional form
S
{MR}
A = {SA FL (S1C,L)}(βc)−1,αc,Λ∗qe (78)
an be used in a equivalent saling manner to Eq. (63)
when the rossover parameter ϑL is unique within the Lf
range.
To our knowledge, the uniity of the rossover param-
eter along the ritial isohore of a one-omponent uid
has never been diretly evidened from the singular be-
havior of the orrelation length or any other thermody-
nami property. However, from simultaneous tting anal-
ysis of several singular properties of xenon and helium 3,
an indiret probe of a single value for one adjustable pa-
rameter related to the sale fator ϑ was obtained, using
the rossover funtions estimated in the massive renor-
malization sheme (author?) [12, 38℄ and the minimal-
subtration renormalization sheme (author?) [23, 24℄.
But these results were never used to aurately analyze
the expeted equivalene between Eqs. (63) and (78),
and then to estimate the other two sale fators L{1f} and
ψρ, whih is the only orret way to verify the asymptoti
ondition ϑ = ϑL within the Ising-like preasymptoti do-
main (author?) [47℄.
An analyti determination of ϑL, made beyond the
Ising-like preasymptoti domain without use of any ad-
justable parameter, is under investigation for the ase of
the isothermal ompressibility of xenon (author?) [48℄.
The main objetive is to arefully orrelate the loal value
of this rossover parameter with the loal value of the or-
relation length before to validate its uniqueness by identi-
ation with the asymptoti sale fator ϑ, alulated by
using Eq. (46). However, suh a hallenging demonstra-
tion of ϑ ≡ ϑL in the temperature range ∆τ∗ ≤ Lf
EAD
,
i.e., within the so-alled Ising-like extended asymptoti
domain (EAD) in the following, as a formulation of the
three-parameter haraterization of xenon seleted as a
standard one-omponent uid, remain two preliminary
attempts to test the equivalene between Eqs. (63) and
(78). That needs to be examinated using a more general
approah, as the one proposed below, where we will intro-
due three master onstants whih relate unequivoally
dimensionless lengths and relevant elds of both (theoret-
ial and master) desriptions, to identify the theoretial
rossover of the {Φ3 (1)}-lass with the master rossover
of the {1f}-sublass.
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3.4. Identiation of the theoretial and master
asymptoti saling within the Ising-like
preasymptoti domain
Now, while reonsidering our previous analysis of the
relations between physial and master properties, we
must rewrite Eqs. (28), (35), and (36), in the following
hierarhial forms
Yc
(
a+χ
)− 1
∆ =
(Z1,+χ ) 1∆ = master st. (79)
1
αc
(Yc)
ν
[(
Λ∗qe
)−1
ξ+0
]
= Z+ξ = master st. (80)
Zc (Yc)
γ
[(
Λ∗qe
)2−d
Γ+
]
= Z+χ = master st. (81)
Comparison of Eqs. (74) to (76) with Eqs. (79) to (81),
shows that their r.h.s. dierenes only onern the re-
spetive numerial values of the harateristi master set
S{1f}A of Eq. (40), and universal set S{MR}A of Eq. (57).
For their l.h.s. omparison, negleting the quantum or-
retions in a rst approah (i.e. xing Λ∗qe = 1), the term
to term identiation between measurable amplitudes
underlines the analogy between the expliit parameter set
{Yc;Zc}, related to the master desription, and the im-
pliit one {ϑ;ψρ}, related to the massive renormalization
desription. We an then note that the {1f}-master for-
mulation ompares to the Φ3 (1)-universal formulation,
only if we have orretly aounted for the asymptoti
saling nature of eah dimensionless number needed by
the massive renormalization sheme. In order to reveal
suh a saling nature, it is essential to note that the sale
dilatation method replaes the renormalized elds (suh
as t, h, m, et.) needed to observe the universal be-
havior of the Φ43 (1)-universality lass, by the {1f}-elds
(suh as, T ∗, H∗
qf
, M∗
qf
, et.) needed to observe the
master behavior of {1f}-sublass. The ommon physi-
al variables are ∆τ∗, ∆µ˜, and ∆ρ˜. Therefore, it remains
to give expliit forms for the following exhanges between
the theoretial variables and the {1f}-sublass variables
t→ T ∗ (82)
h→ H∗
qf
or m→M∗
qf
(83)
(see Ref. (author?) [39℄ for the orrelation length ase).
The next subsetion is dediated to the isothermal sus-
eptibility ase (whih then loses the desription of the
{1f}-sublass along the ritial isohore in onformity
with the universal features estimated for the Ising-like
universality lass).
3.5. Master modiation of the theoretial
rossover for the isothermal suseptibility
We start with the following modiation of Eq. (66)
1
X ∗
qf
(|T ∗|) = Z
{1f}
χ Z
±
χ t
γ
N∏
i=1
(
1 +X±i,χt
D±(t)
)Y ±i,χ
(84)
and the following modiation of Eq. (67)
t = Θ{1f} |T ∗| (85)
by introduing the prefator Z
{1f}
χ and the sale fator
Θ{1f} as master (i.e. unique) parameters for the {1f}-
sublass. We note that Θ{1f}, harateristi of the (riti-
al) isohori line (with same value above and below Tc),
reads as follows
Θ{1f} =
[Z1±κ
Z
1,±
χ
] 1
∆
(86)
whatever the seleted one-omponent uid is. By virtue
of the universal feature of onuent amplitude ratios (see
Table I), the numerial value
Θ{1f} = 4.288 10−3 (87)
is the same whatever the property and the phase domain.
However, we also note that Θ{1f} ontributes to the lead-
ing term. Thus, in addition to Eq. (84), we dene Z
{1f}
χ
suh that
Z
{1f}
χ =
[
Z±κ Z±χ
(
Θ{1f}
)γ]−1
(88)
The numerial value,
Z
{1f}
χ = 1950.70 (89)
is the same in the homogeneous phase and in the non
homogeneous phase. The urve labeled MR in Figure 1
was obtained from Eqs. (84) and (85) using the numerial
values of Θ{1f} and Z
{1f}
χ given by Eqs. (87) and (89),
respetively.
We reall that our previous analysis (author?) [39℄ of
the orrelation length has introdued a similar prefator
Z
{1f}
ξ through the following modiation of Eq. (65)
1
ℓ∗
qf
(|T ∗|) = Z
{1f}
ξ Fℓ (t) (90)
with
Z
{1f}
ξ =
[
Z±ξ Z±ξ
(
Θ{1f}
)ν]−1
(91)
whih has the same numerial value
Z
{1f}
ξ = 25.6936 (92)
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(a) FP Z
±
P Z
1,±
P
S
{MR}
A (57)
“
Z
+
ξ
”−1
= 0.471474;
`
Z
+
χ
´−1
= 0.269571
ff
Z
1,+
χ = 8.56347
(b) P∗
qf
Z
{1f}
P Z
1,±
P
S
{1f}
2P1S (94)
n
Z
{1f}
ξ = 25.6936; Z
{1f}
χ = 1950.7
o
Θ{1f} = 4.288 × 10−3
ℓ∗
qf
Z
{1f}
ξ
=
h
Z
±
ξ
Z
±
ξ
`
Θ{1f}
´νi−1
= L{1f} = 25.6936 Θ{1f} =
»
Z
1,±
ξ
Z
1,±
ξ
– 1
∆
κ∗
qf
Z
{1f}
χ =
h
Z
±
χ Z
±
χ
`
Θ{1f}
´γi−1
=
`
L{1f}
´−d `
Ψ{1f}
´−2
= 1950.7 Θ{1f} =
»
Z1,±χ
Z
1,±
χ
– 1
∆
C∗
qf
Z
{1f}
C =
Z±
C
αZ
±
C(Θ
{1f})2−α
=
`
L{1f}
´d
= 16961.9 Θ{1f} =
»
Z
1,±
C
Z
1,±
C
– 1
∆
M∗
qf
Z
{1f}
M =
ZM
ZM (Θ{1f})
β =
`
L{1f}
´d
Ψ{1f} = 2.94878 Θ{1f} =
h
Z1M
Z1
M
i 1
∆
S
{1f}
SF (108)
˘
L{1f} = 25.6936; Ψ{1f} = 1.73847 10−4
¯
Θ{1f} = 4.288 10−3
S
{1f}
A (40)
n
Z+ξ = 0.570481; Z
+
χ = 0.119
o
Z1,+χ = 0.555
() P ∗
exp
P∗0,L
S1C,L (77)
˘
L
∗
0,L; X
∗
0,L
¯
ϑL ≡ ϑ = YcΘ
{1f}
ξ∗
L∗0,L = Λ
∗
qe(Yc)
−νZ
±
ξ
Z
±
ξ
= Λ∗qe(Yc)
−ν
h
L{1f} ×
`
Θ{1f}
´νi−1
= 1.20999Λ∗qe(Yc)
−ν
κ∗T
X∗0,L =
“
Λ∗qe
”
Zc(Yc)
γ
d−2
Z
±
χ Z
±
χ =
“
Λ∗qe
”
Zc(Yc)
γ
d−2 `
L{1f}
´d `
Ψ{1f}
´2 `
Θ{1f}
´−γ
= 0.44144
“
Λ∗qe
”
Zc(Yc)
γ
d−2
c∗V
C
∗
0,L
α
=
`
Λ∗qe
´−d
(Yc)2−α
Z±
C
αZ
±
C
=
`
Λ∗qe
´−d
(Yc)2−α
`
L{1f}
´d `
Θ{1f}
´2−α
= 0.564481
`
Λ∗qe
´−d
(Yc)2−α
∆ρ∗LV
M∗0,L =
(Yc)
β
Λ∗qe(Zc)
1
2
ZM
ZM
= (Yc)
β
Λ∗qe(Zc)
1
2
`
L{1f}
´d
Ψ{1f}
`
Θ{1f}
´β
= 0.499185 (Yc)
β
Λ∗qe(Zc)
1
2
SSF (51)
n
L{1f} = 25.6936; ψρ = (Zc)
− 1
2 Ψ{1f}
o
ϑ = YcΘ{1f}
SSF (39)
n
Yc; Zc; L
{1f} = 25.6936; Λ∗qe
o
SA (38)
˘
ξ+; Γ+
¯
a+χ
Table II: Three parameter haraterization (olum 3: leading amplitudes or prefators; olum 4: sale fator or rossover
parameter; see text): (a) for the mean rossover funtions FP (t) dened in I; (b) for the master rossover funtions P
∗
qf
(T ∗) [see
Eq. (109)℄ ; lines 4, 9 and 10: independent parameters; lines 5 to 8): related parameters; The two relations
“
Z
{1f}
C
” 1
d
= Z
{1f}
ξ
and
“
Z
{1f}
ξ
”d
Z
{1f}
χ
=
“
Z
{1f}
M
”2
, are in onformity with the two-sale-fator universality; () similar to (b) for the physial rossover
funtions P ∗
exp
(∆τ∗) [see Eq. (110)℄; The two relations
“
C
∗
0,L
α
” 1
d
L
∗
0,L = 1 and
`
L
∗
0,L
´−d X∗0,L
(M∗0,L)
2 = 1, are in onformity with
the two-sale-fator universality; All the values of P
∗
0,L, ϑL ≡ ϑ and ψρ an be estimated from Q
min
c =
˘
(βc)
−1
, αc, Yc, Zc
¯
and
Λ∗qe of the seleted one-omponent uid.
for the homogeneous and non homogeneous domains. Of
ourse, we retrieve here the previous Eq. (49)
Z
{1f}
ξ ≡ L{1f} = (g0αc)∀uid (93)
whih now is valid whatever the uid under onsidera-
tion. The set of master (two pre- + one sale) fators
S{1f}2P1S =


Θ{1f} = 4.288× 10−3
Z
{1f}
ξ = 25.6936
Z
{1f}
χ = 1950.70

 (94)
loses the universal behavior of the {1f}-sublass, as
shown by the results reported in Table II for all the prop-
erties alulated along the ritial isohore (for notations
see below and Refs. (author?) [38, 39, 48℄). Equation
(49) [or Eq. (93)℄ appears then as the basi hypothesis
whih denes the ritial length uniity (author?) [17℄
between orrelation funtions and thermodynami fun-
tions of the one omponent uid sublass. L{1f} takes
an equivalent nature to the length referene used in the
renormalization sheme applied to the Φ3 (1)-lass, what-
16
ever the seleted physial system.
The major interest of Eqs. (88) and (91) is that
they introdue the needed ross-relation between pure
asymptoti saling desription and rst onuent orre-
tion to saling, in order to obtain only two independent
leading amplitudes within the Ising-like preasymptoti
domain. Suh a ross-relation ours if the non-universal
sale fator assoiated with the irrelevant-eld whih in-
dues the orretion-to-saling term of lowest relative or-
der (∆τ∗)
∆
in a Wegner-like expansion, is the same as
the non-universal sale fator assoiated with the rele-
vant (thermal) eld whih gives the leading saling term
(∆τ∗)−eP .
In that universal desription of the onuent orre-
tions to saling, eah rossover funtion inludes the
(two-term) master behavior expeted using the sale di-
latation method. By omparing the leading terms on
eah member of Eqs. (84), (33), and (69), we obtain the
relations
Γ± =
(
Z
{1f}
χ Z
±
χ
)−1
ϑ−γ = X∗0,L
(
Z
±
χ
)−1
(95)
where the uid-dependent metri prefator X∗0,L of Eq.
(69) now reads as follows
X
∗
0,L = Z±χ Z±χ (Yc)−γ (96)
In Eq. (96), the ritial ontribution of the sale fator Yc
is expliit. The remaining adjustable rossover parameter
ϑL of Eq. (67) is harateristi of the Ising-like extended
asymptoti domain ∆τ∗ . Lf
EAD
where the theoretial
rossover funtions and experimental data agree. Within
the Ising-like preasymptoti domain [see Eq. (56)℄ where
the two-term Wegner-like expansions are expeted to be
valid, the omparison of the rst onuent amplitudes for
master and theoretial desriptions, enables one to write
ϑL as follows
ϑL ≡ ϑ
(
= YcΘ
{1f}
)
(97)
with
t ≡
(
Z1,±χ
Z
1,±
χ
) 1
∆
T ∗
(
= Θ{1f} |T ∗|
)
(98)
As onsidered from basi input of the sale dilatation
method, Eq. (98) agrees with the sale dilatation of the
temperature eld
T ∗ = Yc |∆τ∗| (99)
Note that the extension T ∗ . L{1f}
PAD
of the Ising-like
preasymptoti domain of the {1f}-sublass an then be
immediately obtained from Eq. (56), with
L{1f}
PAD
=
LIsing
PAD
Θ{1f}
≈ 4.43× 10−4 (100)
(see for example the full arrow labeled PAD in Fig. 1).
3.6. Closed master modiation of the mean
rossover funtions and master extension L
{1f}
EAD
of
the extended asymptoti domain
Obviously, the equivalent approah at exat ritial-
ity and along the ritial isotherm ours in virtue of
the two-sale-fator universality whih implies a seond
unequivoal relation between ψρ and Zc. However, we
an antiipate suh a result only from the thermody-
nami denitions of the suseptibilities χ
th
=
(
∂m
∂h
)
t
and X ∗
qf
=
(
∂M∗
qf
∂H∗
qf
)
T ∗
, introduing the sale fator Ψ{1f}
through the following linearized equations
h = Ψ{1f}H∗
qf
= Ψ{1f}
(
Λ∗qe
)2H∗ (101)
m =
(
L{1f}
)−d (
Ψ{1f}
)−1 ∣∣M∗
qf
∣∣
=
(
L{1f}
)−d (
Ψ{1f}
)−1
Λ∗qe |M∗|
(102)
where Ψ{1f} is a master (i.e. unique) parameter har-
ateristi of the (ritial) isothermal line for the {1f}-
sublass (Ψ{1f} has the same value whatever the sign
of the order parameter). From omparison between ei-
ther Eqs. (20), (23), (47) and (101) or Eqs. (21), (24),
(49) and (102), it is immediate to show that χ
th
=(
L{1f}
)−d (
Ψ{1f}
)−1 X ∗
qf
and, orrelatively, to obtain the
following expeted relation
ψρ = (Zc)
− 1
2 Ψ{1f} (103)
The unequivoal link between the sale fators needed,
either by the theoretial desription, or by the master
desription, is given by Eqs. (93), (97) and (103). There-
fore, the leading theoretial and master amplitudes of the
suseptibility and the order parameter are related by the
equations :
Z±χ Z±χ =
(
L
{1f}
)d (
Ψ{1f}
)2 (
Θ{1f}
)−γ
(104)
ZM
ZM
=
(
L
{1f}
)d
Ψ{1f}
(
Θ{1f}
)β
(105)
while the leading theoretial and master amplitudes of
the orrelation length and the heat apaity are related
by the equations :
Z±ξ Z±ξ =
[
L
{1f}
(
Θ{1f}
)ν]−1
(106)
Z±C
αZ±C
=
(
L
{1f}
)d (
Θ{1f}
)2−α
(107)
where the master prefators Z
{1f}
C and Z
{1f}
M are for the
heat apaity ase and the order parameter ase, respe-
tively [see below, Eq. (109)℄. Finally, the harateristi
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Figure 2: Shemati links between three amplitude haraterization S
{MR}
A of Eq. (57), S
{1f}
A of Eq. (40) and SA of Eq.
(38), of the theoretial, master and physial singular behaviors, respetively, for a uid of ritial parameters given by Qminc =˘
(βc)
−1
, αc, Yc, Zc
¯
of Eq. (3) and Λ∗qe, and whih belongs to the one-omponent uid sublass.
set
S{1f}SF =


Θ{1f} = 4.288× 10−3
L
{1f} = 25.6936
Ψ{1f} = 1.73847× 10−4

 (108)
is Ising-like equivalent to the one of Eq. (94) and
loses the modiations of the theoretial funtions of
the Φ3 (1)-lass in order to provide aurate desription
of the master singular behavior of the {1f}-sublass.
Aordingly, eah modied funtion reads as follows
P∗
qf
(T ∗) = Z{1f}P FP (t) (109)
with t = Θ{1f}T ∗ and FP (t) dened in I. All the master
prefators Z
{1f}
P an then be alulated using the rela-
tions given in part (a), olumn 3, of Table II. Within
the Ising-like preasymptoti domain, Eq. (109) an be
approximated by Eq. (30).
Alternatively but equivalently, eah physial property
an also be tted by the following modied funtion
P ∗
exp
(|∆τ∗|) = P∗0,LZ±P |∆τ∗|−eP
N∏
i=1
(
1 +X±i,P t
D(t)
)Y ±i,P
(110)
with t = ϑ |∆τ∗| = Θ{1f}Yc |∆τ∗| and where the funtion
D (t) [see Eq. (44)℄ and the universal quantities Z±P , eP ,
X±i,P , Y
±
i,P , are given in I. All the physial prefators P
∗
0,L
an also be alulated using the equations given in part
(b), olumn 3, of Table II, where the physial prefators
C0,L and M0,L are for the heat apaity ase and the
order parameter ase, respetively [see Eq. (110)℄.
As a summarizing remark related to the shemati Fig.
2, the theoretial amplitude set S
{MR}
A of Eq. (57), the
master amplitude set S{1f}A of Eq. (40), and the physial
amplitude set SA of Eq. (38), are unequivoally related
only using Yc and Zc (or ϑ [see Eq. (97)℄ and ψρ [see Eq.
(103)℄) as entry parameters (assuming that (βc)
−1
, αc,
and Λ∗qe are known).
In addition, we an also aount for the results of pre-
vious analyses of dierent singular properties for several
one-omponent uids where eah master singular behav-
ior is well-tted by the orresponding rossover funtions
in the extended asymptoti domain whih orresponds
to ℓ∗
qf
& 3− 4 (see for example the dashed arrow labeled
EAD in Fig. 1, for the suseptibility ase). Indeed,
the eetive extension L+,{1f}
EAD
, where this modied the-
oretial desription seems to be valid, orresponds to the
temperature-like range suh as
T ∗ . L+,{1f}
EAD
≃ 0.07− 0.1 (111)
Equations (100) and (111) are of ruial importane for
experimentalists interested on liquid-gas ritial point
phenomena sine they are the master (experimental)
answer to the unsolved theoretial question: How large
is the range in whih the asymptoti universal features
are valid in pure uids? Moreover, when Qminc ={
(βc)
−1
, αc, Yc, Zc
}
and Λ∗qe are known, we note that
eah modied rossover funtion of Eq. (109) an at
beyond the Ising-like preasymptoti domain, i. e., within
the two-deade range 10−2 . T ∗ . 1 orresponding to
the grey areas of Fig. 1, to onrm that the ritial Ising-
like anomalies haraterized by a limited numbers of rit-
ial parameters would dominate in a large range around
the liquid-gas ritial point. Suh a modied theoretial
analysis of the available uid data at nite temperature
distane appears then similar to the one initially pro-
posed to provide the rst test of the saling hypothesis
for the one-omponent uids by using eetive univer-
sal equations of state with only two adjustable dimen-
sionless parameters. As a typial example, we analyze
the isothermal suseptibility for twelve dierent uids in
the Appendix B, using the well-known linear model of a
parametri equation of state (eos) (author?) [16℄ with
γ
eos
= 1.19 (and β
eos
= 0.355 to lose thermodynamis
saling laws). Furthermore, Eqs. (100) and (111) of-
fer expliit Ising-like riteria to ontrol the development
of any empirial multiparameter equation of state where
suh a minimal ritial parameter set Qminc is ustomarily
used (see for example Ref. (author?) [50℄ and referenes
therein).
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4. CONCLUSIONS
We have shown that the needed information to desribe
the singular behavior of one-omponents uids within
the Ising-like preasymptoti domain was provided by a
minimum set of four sale fators whih haraterize the
thermodynamis inside the volume of the ritial inter-
ation ell. We have illustrated the Ising-like saling na-
ture of the sale dilatation method able to demonstrate
the master singular behavior of the one omponent uid
sublass. Using the mean rossover funtion for susep-
tibility in the homogeneous phase, whih omplements
a previous study of the orrelation length in the ho-
mogeneous phase, we have demonstrated that the uni-
versal features predited by the massive renormalization
sheme is then aounted for by introduing one ommon
rossover parameter and appropriate prefators, only two
among the latter being uid-dependent. Dening three
master onstants able to relate the theoretial elds and
the master elds, the orresponding master modiations
of the mean rossover funtions were obtained from iden-
tiation to the asymptotial master singular behavior of
the one-omponent uid sublass. The four ritial o-
ordinates whih loalize the gas-liquid ritial point on
the pressure, volume, temperature phase surfae provide
then the four sale fators needed to alulate the sin-
gular behavior of any orrelation funtion or thermody-
namial property, in a well-ontrolled eetive extension
of the asymptoti ritial domain for any one-omponent
uid belonging to this sublass, in agreement with the
idea rst introdued by one of us. In the ase where
quantum eets an be non negligeable, a single supple-
mentary adjustable parameter seems needed to orretly
aount for them.
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Appendix A: SCALING EQUIVALENCE FOR A
ONE-PARAMETER CROSSOVER MODELING
WITHIN THE PREASYMPTOTIC DOMAIN
The use of Eq. (60) in the hierahial Eqs. (60) to
(62), needs that the harateristi sale fator ϑ is the
rst mandatory parameter to be determined, whatever
the renormalization sheme (at h = 0). For saling un-
derstanding, Eq. (60) must be expressed in the universal
form of Eq. (74), i.e., suh as
Z
1,+
χ = a
+
χ
[
ϑ−∆
]
(A1)
Suh a theoretial saling form of Eq. (A1) [or Eq.
(74)℄ is then provided from any phenomenologial model
whih use a single rossover (temperature-like) param-
eter ∆τ∗χ,M related to the (system-dependent) Ginzburg
number G (the subsriptM refers to the seleted model).
M ∆ g1,+χ,M
`
g
1,+
χ,M
´− 1
∆
„
g
1,+
χ,M
Z
1,+
X
« 1
∆
Ref
`
= ϑ∆τ∗χ,M
´
MSR 0.504 0.525 3.591 3.9 × 10−2 (author?) [22℄
CPM 0.51 0.590 2.814 4.9 × 10−3 (author?) [30℄
Z
1,+
X
`
Z
1,+
X
´− 1
∆
MR 0.50189 8.56347 0.013859 1 (author?) [13℄
Table III: Estimated universal values of the onuent expo-
nent (olumn 2) and onuent rossover parameter (olumn
3) of the saling forms of Eq. (A2) for the rst onuent or-
retion term in the suseptibility ase. Column 1: label M
of the dierent rossover models (see referenes given in the
last olumn). Column 5: order of magnitude for the ratio of
the rossover parameters obtained using MSR or CPM tting,
from referene to the MR tting (see text).
Although rossover phenomenon an be general upon ap-
proah of the Ising-like ritial point, suh a modeling,
in whih G is a tunable parameter, is essential to hek
arefully its desription with the objetive to disuss the
shape and the extension of the rossover urves (lead-
ing for example to distinguish a wide variety of Ising-like
experimental systems, inluding simple uids, binary liq-
uids, miellar solutions, polymer mixtures, et.). How-
ever, for the one-omponent uid ase, our interest an
be restrited to the rossover temperature sale estimated
by three rossover modeling seleted in Table III, i.e., i)
the massive renormalization sheme (labeled MR) (au-
thor?) [10, 13℄ and ii) the minimal subtration renor-
malization sheme (labeled MSR) (author?) [11, 24℄,
both modeling without tunable G, and iii) the paramet-
ri model of the equation of state (labeled CPM) (au-
thor?) [30℄, with tunable G. The universal form (au-
thor?) [13, 24, 30℄ of the rst onuent amplitude for
the suseptibility ase, is then given by the equation
g
1,+
χ,M = a
+
χ
[(
∆τ∗χ,M
)∆]
(A2)
where g
1,+
χ,M is an universal onstant given in Table III.
The dierenes in the estimates of g
1,+
χ,M aount for dif-
ferenes in several theoretial aspets: the extension of
the renormalization proedures, the nature of the asymp-
toti limit of
∆τ∗
G
, the nature of the non universal or-
retions, the numerial alulations, et.. Therefore, we
annot expet pratial understanding from eah value
given in Table III. However, in spite of these numerial
dierenes, the saling form of Eqs. (74), (A2), and (A3)
provides analyti equivalene between the three models
sine eah model exatly aounts for the same Ising-
like ritial rossover using a single rossover parameter,
espeially for temperature dependene of the eetive ex-
ponent (author?) [25℄. The rossover temperature sale
∆τ∗χ,M takes a small nite value and an then be ompa-
rable to ϑ, via the sensor ∆τ∗∆ =
t∗0
ϑ
[see Eq. (39) in I℄
of the mean rossover funtions (see also Ref. (author?)
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Figure 3: (Color online) Shemati illustrations (for γ−γe and`
a+χ
´ 1
∆
) of the Ising-like preasymtoti equivalene between
the dimensionless rossover temperature sale ∆τ∗χ,M needed
by the one-parameter rossover model M (dashed red line),
and the sale fator ϑ needed by the massive renormalization
(MR) sheme (full blak line) [see Eqs. (74), (A2), and (A3),
and Table III℄; The small dierene on the respetive∆ values
is negleted.
[48℄). As illustrated by the point to point transforma-
tions in Fig. 3a and b, and numerial values given in
olumn 5, Table III, ∆τ∗χ,M is then saled by ϑ through
the universal saling equation
(
g
1,+
χ,M
Z
1,+
χ
) 1
∆
= ϑ∆τ∗χ,M = universal st (A3)
where ∆τ∗χ,MSR = b
∗
+
µ2
a
(
1− u
u∗
) 1
∆
for the minimal
subtration renormalization sheme, and ∆τ∗χ,CPM =
c∗t
(u¯Λ)2
(1− u¯) 1∆ for rossover parametri model, are the
so-alled eetive Ginzburg numbers (see the Refs. (au-
thor?) [24, 30℄ for the notations and denitions of the
above quantities).
Correlatively but uniquely when Eqs. (78) or (A2)
are valid (i.e., when the Ising-like ritial rossover is
haraterized by a single parameter), we must extend
the saling analysis to the leading amplitudes, expressing
again Eqs. (61) and (62) in the universal form of Eq.
(63), i.e. suh as :(
Z
+
ξ
)−1
= ξ+0 (g0ϑ
ν) = ξ+
[
L
{1f}ϑν
]
(A4)
(
Z
+
χ
)−1
= Γ+
[(
L
{1f}
)−d
(ψρ)
−2
ϑγ
]
(A5)
Obviously, as for the onuent amplitude, we an lose
the asymptoti identiation between the three (MR,
MSR, CPM) modeling, introduing two supplementary
universal numbers whih relate unequivoally the sale
fators L{1f} and ψρ of the massive renormalization
sheme, to the equivalent two free parameters of another
rossover approah (see also Refs. (author?) [38, 46℄
and the  B3 below).
Appendix B: EFFECTIVE CROSSOVER
FUNCTION BEYOND THE ISING-LIKE
PREASYMPTOTIC DOMAIN
1. Eetive exponent and eetive amplitude
Aording to the above asymptoti analysis of the
equivalene between rossover modeling, the sale trans-
formations of the variables whih produe the universal
ollapse of the Ising-like rossover urves an be illus-
trated by using, not only eetive exponents (author?)
[25℄, but also eetive amplitudes (see also Ref. (au-
thor?) [48℄). Indeed, from χ
th
(t) of Eq. (43), the loal
value of the eetive (theoretial) exponent γe,th (t) is
dened by the equation
γe,th (t) = −∂Ln [χth (t)]
∂Lnt
(B1)
The loal value of its attahed eetive (theoretial) am-
plitude Z+e,χ (t) is dened by the equation
Z
+
χ,e (t) =
χ
th
(t)
t−γe,th
(B2)
Therefore, γe,th (t) and Z
+
χ,e (t) have equivalent univer-
sal features as χ
th
(t). By eliminating t [then simultane-
ously eliminating the sale fator ϑL sine t = ϑL∆τ
∗
℄,
the lassial-to-ritial rossover is haraterized by a sin-
gle (i.e. universal) funtion Z+χ,e (γe,th) over the omplete
range γ
MF
≤ γe,th (t) ≤ γ. This result is here represented
by the top (blak dot-dashed) urve in Fig. 4. Its limit-
ing Ising-like ritial point takes universal oordinates{
γ;
(
Z+χ
)−1}
(see the top ross in Fig. 4).
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Figure 4: (Color online) Theoretial estimations of the eetive mean [Z
+
χ,e, upper blak dot-dashed urve, Eq. (B2)℄, master
[Z+χ,e, median blue double dot-dashed urve, Eq. (B6)℄ and physial (xenon) [Γ
+
e , lower red dashed urve, Eq. (B4)℄ amplitudes
as a funtion of the eetive exponent γe for the suseptibility ase along the ritial isohore in the homogeneous domain;
Double (dotted at γe = γ, full at γe = γeos) arrays: point-to-point (plusses at γe = γ, open irles at γe = γeos, open squares
at γe = γMF) transformations between eetive funtions using Yc and Zc, or, alternatively but equivalently, ϑ and X
∗
0,L (eah
relation assoiated to the transformation at γ and γe onstant value is illustrated in an attahed retangular box); Lower blak
dashed bold urve (labeled exp): Γ+e from Güttinger and Cannell's t for xenon suseptibility (author?) [49℄ (see also text and
Table IV); M-oordinates γ
eos
= 1.19 and Z+χ,e = 0.15374: tangent line at the point M to the theoretial urve of Eq. (84) in
Fig. 1; Others quantities, points, and symbols: see text.
In a similar way, from the physial funtion
κ∗T,exp (∆τ
∗) of Eq. (66) whih ts the experimental re-
sults using ϑL [see Eq. (67)℄ and X
∗
0,L [see Eq. (96)℄, the
loal (physial) exponent is dened by
γe,exp (∆τ
∗) = −∂Ln
[
κ∗T,exp (∆τ
∗)
]
∂Ln (∆τ∗)
(B3)
and its related loal (physial) amplitude by
Γ+e (∆τ
∗) =
κ∗T,exp (∆τ
∗)
(∆τ∗)
−γe,exp
(B4)
Eliminating ∆τ∗ from Eqs. (B3) and (B4), the orre-
sponding physial funtion Γ+e (γe,exp) is represented in
Fig. 4 by the bottom (red dashed) urve, seleting xenon
as a typial example (author?) [48℄. Its related Ising-
like ritial point takes the physial oordinates {γ; Γ+},
as represented by the bottom ross in Fig. 4 (with
Γ+ (Xe) = 0.0578204). For quantitative omparison in
this physial part of Figure 4, we also have represented
the experimental lower (blak dashed) urve for Γ+e val-
ues obtained from the Güttinger and Cannell's t of their
suseptibility measurements (author?) [49℄ (bold part of
the urve), and from several pV T measurements reported
in Table IV (full points labeled 1 to 4, open irle labeled
P).
Finally, onsidering the master singular behavior
X ∗
qf
(T ∗) of Eq. (84) using Θ{1f} [see Eq. (67)℄ and Z{1f}χ
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[see Eq. (96)℄, we an dene the loal (master) exponent
by
γe,1f (T ∗) = −
∂Ln
[X ∗
qf
(T ∗)]
∂Ln (T ∗) (B5)
and its related loal (master) amplitude by
Z+χ,e (T ∗) =
X ∗
qf
(T ∗)
(T ∗)−γe,1f (B6)
After T ∗ elimination between Eqs. (B5) and (B6), the
master funtion Z+χ,e (γe,1f ) an also be represented by
the unique median (blue double dot-dashed) urve in Fig.
4. Its Ising-like ritial point takes the master oordi-
nates
{
γ;Z+χ
}
, orresponding to the median ross in Fig.
4.
Our main interest an then be foused on the point
to point transformation at onstant γe between these
three urves, using only two uid-dependent parame-
ters, either ϑL and X
∗
0,L for the physial quantities, or
Θ{1f} and Z
{1f}
χ for the master quantities. We reall
that when ϑL (respetively Θ
{1f}
) and Z
{1f}
ξ ≡ L{1f}
are known, X∗0,L gives unequivoal determination of ψρ
(respetively Ψ{1f}). Now, introduing also Yc and Zc,
the omplete set of the relations between the - theo-
retial, master, and physial - amplitudes are summa-
rized in Fig. 4. Consequently, this gure loses the
master desription of X ∗
qf
(γe,1f ) establishing unequivo-
al link between the three parameter sets
{
ϑL;X
∗
0,L
}
,{
Θ{1f};Z
{1f}
χ
}
, and {Yc;Zc}, and also ontains expliit
equations of the shemati links given in Fig. 2 for the
isothermal suseptibility ase [with the impliit master
ondition Z
{1f}
ξ ≡ L{1f} = g0αc xing g0℄.
Hereafter we disuss the experimental results obtained
at large distane to the ritial point, i.e., beyond the
Ising-like preasymtoti domain where pratial estima-
tions of γe are signiantly dierent from γ (an anal-
ysis of the Ising-like preasymptoti domain very lose
to the Ising-like limit γe → γ will be in onsideration
in Ref. (author?) [48℄; see also below  B.3). Es-
peially we fous our present attention on the range
1.215 & γe & γ 1
2
≈ 1.12 orresponding to the grey area
in Fig. 4 (obviously equivalent to the grey area in Fig.
1).
We start with the xenon (Xe) ase seleted as a stan-
dard one-omponent uid. We an then estimate the
(theoretial, master and physial) rossover funtions for
the orrelation length and the isothermal ompressibil-
ity of xenon, using {Yc = 4.91373; Zc = 0.28601}
and
{
ϑL = 0.021069; X
∗
0,L = 0.214492
}
, (or{
ϑ = 0.021069; ψρ = 3.2507× 10−4; g0 = 29.1473 nm−1
}
),
with αc = 0.881508 nm and L
∗
0,L = 0.443526 (for detail,
see Ref. (author?) [48℄). As a basi appliation, we
an dene the orrespondene between theoretial and
physial temperature range and between theoretial and
physial orrelation length range for desription of either
γ − γe,th and Z+χ,e −
(
Z+χ
)−1
as a funtion of t and as a
funtion of ℓ
th
, or γ − γe,exp and Γ+e − Γ+ as a funtion
of ∆τ∗ and as a funtion of ξ∗ . Eah respetive result
is illustrated by a (blak dot-dashed or red doted) urve
in eah part a to d of Fig. 5. Now, the grey areas
in Fig. 5 orrespond, either to the theoretial ranges
10−4 . t . 2 × 10−3 (bottom axis) and 180 & ℓ
th
& 18
(top axis) in parts a and b, or the physial (xenon)
ranges 5 × 10−3 . ∆τ∗ . 10−1 (bottom axis) and
10.5 & ξ∗ & 0.73 (top axis) in parts  and d.
The following ompares these theoretial preditions to
the γe,pV T and Γ
+
e,pV T values obtained from pV T mea-
surements (author?) [51, 52, 53, 54, 55℄ (see also de-
tails in Ref. (author?) [48℄). We reall that the pV T
measurements were performed at nite distane to the
ritial point, suh that the κ∗T,pV T data obtained from
pV T data an be tted by an eetive power law
κ∗T,pV T = Γ
+
e,pV T (∆τ
∗)−γe,pV T (B7)
only valid in a restrited temperature range dened by
∆τ∗
min
≤ ∆τ∗ ≤ ∆τ∗
max
. The measured (exponent and
amplitude) parameters
{
γe,pV T ; Γ
+
e,pV T
}
are then assoi-
ated to the temperature range {∆τ∗
min
; ∆τ∗
max
} of entral
value
〈
∆τ∗e,pV T
〉
=
√
∆τ∗
min
∆τ∗
max
(in log sale) loated
beyond the Ising like preasymptoti domain. Therefore,
we an represent these results by points of respetive
oordinates
{
γe,pV T ; Γ
+
e,pV T
}
,
{
γe,pV T ;
〈
∆τ∗pV T
〉}
and{
Γ+e,pV T ;
〈
∆τ∗pV T
〉}
in eah appropriate binary diagram.
The four points (labeled 1 to 4) illustrated in Figs.
4, 5 and 5d, orrespond to the xenon results reported
on lines labeled 1 to 4, respetively, of Table IV. The
points labeled 1 and 2 follow the general trend of the the-
oretial urves. This result onrms that, in spite of a
large orrelated error-bar in the adjustable exponent and
amplitude parameters, the variations of their respetive
entral values agree with a two-parameter desription
within the Ising-like side of the rossover domain where
γ > γe,pV T > 1.17 . However, the point labeled 3, and
more signiantly the point labeled 4, show that the pV T
experimental results are not in agreement with the mean-
eld behavior predited by the rossover funtion within
the mean-eld-like side where γ 1
2
& γe,pV T > γMF. The
failure of the lassial orresponding state theory is also
illustrated by the point labeled 5 in Fig. 4, whih or-
responds to the result obtained from the van der Waals
equation of state [see the line labeled 5 (vdW)) in Table
IV℄.
To translate the L+,{1f}
EAD
- master value [Eq. (111)℄ in a
γL- master value whih delimits the eetive range of the
extended asymptoti domain in Fig. 4, one needs to on-
sider the upper horizontal axis of Figs. 5 and 5d whih
measures the master orrelation length ξ∗ = ξ
αc(Xe)
[i.e.
the dimensionless ratio whih ompares the size of the
ritial utuation to the atual range of the mirosopi
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γe,pV T Γ
+
e,pV T
˙
∆τ∗pV T
¸
∆τ∗
th
(γe,th) Γ
+
e,th˙
∆τ∗pV T
¸
=
p
∆τ∗
min
∆τ∗
max
γe,th (t) = γe,pV T (∆τ
∗)
1 1.211 ± 0.01 0.0743 ± 0.015 2.07× 10−3 2.95× 10−3 0.07263
2 1.16665 0.089 2.24× 10−2 3.338 × 10−2 0.08859
3 1.1198
“
= γ 1
2
”
0.101 1.21× 10−1 1.928 × 10−1 0.09960
4 1 (= γ
MF
) 0.11 7.1 10−1 ∞ 0.08507
5 (vdW) 1 (= γ
vdW
) 1
6
`
= Γ+
vdW
´
∞ 0.08507
P (eos) 1.19 (= γ
eos
) 0.0793
`
= Γ+
eos
´
1.13× 10−2 1.135 × 10−2 0.08084
Table IV: Column 1: index of the points in Figs. 4 and 5; Columns 2 and 3: Eetive power law desription of pV T measurements
in xenon (see Ref. (author?) [48℄ for detail and data soures); Columns 4 to 6: alulated values of the (geometrial) mean
temperature
˙
∆τ∗pV T
¸
=
p
∆τ∗
min
∆τ∗
max
of pV T measurements (olumn 4), theoretial loal temperature ∆τ∗
th
(γe,th) satisfying
the ondition γe,th (t) = γe,pV T (∆τ
∗) (olumn 5), and theoretial loal amplitude Γ+e,th for γe,th (t) = γe,pV T (∆τ
∗) (olumn 6).
Figure 5: (Color online) a) dot-dashed (blak) urve (labeled MR): γ − γe,th as a funtion of t, alulated from the theoretial
rossover funtion of Eq. (43) for suseptibility (log-log sale); (green) line T∆: limiting singular behavior [see Eq. (B18)℄
within the Ising-like preasymptoti domain of extension t∗ < LIsing
PAD
[vertial green line, see Eq. (56)℄; urve T∆ of slope ∆
rossing the vertial line t = 1 (x): value of the rst onuent amplitude of Eq. (55); vertial (blue and pink) lines: tγ 1
2
and t∆-oordinates for γe,th = γ 1
2
and D (t∆) = ∆ 1
2
, respetively. b) dot-dashed (blak) urve (labeled MR): same as a) for`
Z
+
χ,e
´−1
−
`
Z
+
χ
´−1
as a funtion of t, alulated from Eq. (43); (green and blue) lines Te and Tz : logarithmi singularity and
power law approximation, [see Eqs. (B14) and (B15), respetively, and text for detail℄; ) and d) dotted (red) urves (labeled
Xe-MR): orresponding xenon quantities γ − γe and Γ
+
e − Γ
+
as a funtion of ∆τ∗ = [ϑ (Xe)]−1 t; points P and 1 to 4 : pV T
results (see Ref. (author?) [48℄ for detail) given in Table IV (see also Figure 4); (green and blue) lines P∆ and Pz : xenon
ounterpart of the theoretial (green and blue) lines T∆ and Tz. x at t = ∆τ
∗ = 1 : point-to-point transformations between
rst onuent amplitudes Z
1,+
χ and a
+
χ (upper arrow) and between leading amplitudes
`
Z
+
χ
´−1
and Γ+ (lower arrow).
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interation, with Λ∗qe (Xe) = 1 in xenon ase℄. As a mat-
ter of fat, the value LXe
EAD
≈ 2 × 10−2 orresponds to
the value
L
+,{1f}
EAD
Yc(Xe)
where ξ∗ ≈ 3. Therefore, the assoi-
ated loal value is γL ≈ 1.16− 1.17. This value desrim-
inates the non Ising-like range γe < γL (inluding the
value γ 1
2
= γ+γMF2 ≈ 1.12) where the eetive lassial-
to-ritial rossover for xenon is no longer aounted for
by the theoretial rossover funtion, as shown in Fig.
4 where it is observed an inreasing dierene between
the urves labeled Xe-MR and the dotted urve labeled
Xe-exp when γe → γMF = 1.
Aounting for an extended (Ising-like) asymptoti do-
main dened by γe < γL, we are also able to revisit the
results previously obtained using an universal saled form
of the equation of state with universal values of the ex-
ponents signiantly dierent to the Ising ones. As a
typial example, the xenon results obtained from the re-
strited linear model of a parametri equation of state
with γ
eos
= 1.19 [see the line labeled P (eos) in Table IV℄
are in exellent agreement with the theoretial rossover
funtion, as illustrated by the point labeled P in Fig.
4. Moreover, using as a ∆τ∗-oordinate the theoretial
value ∆τ∗
th
(γ
eos
) = 1.135×10−2 [Eq. (B3)℄, we an show
that these results are also well aounted for in the the-
oretial temperature dependene (see the orresponding
points labeled P' and P in Figs. 5 and 5d, respetively).
Suh results onrm that two xenon-parameters involved
in an universal form of the equation of state an be used
as Ising-like harateristi fators to be related to the two
sale fators Yc and Zc, as illustrated in the next Setion
for the ase of the linear parametri equation of state.
2. Master rossover provided by a restrited linear
model of a parametri equation of state
In the seventies, rst analyses of the two-sale fa-
tor universality for one-omponent uids used eetive
saled forms of the equation of state (eos) to t the pV T
data measured at nite distane to the ritial point (for
detail see Refs. (author?) [16, 18, 56, 57, 58, 59, 60,
61℄). Suh a thermodynami approah of universality
was based on a limited number of harateristi param-
eters for eah pure uid, using eetive universal values
for the ritial exponents. We limit the present purpose
to the well-known restrited linear model of the paramet-
ri equation of state (author?) [61℄, with appliation to
several dierent uids (author?) [59℄. The two main
interests for suh a hoie are the following:
i) The eetive thermodynami exponents have been
preisely xed at (non Ising) values of γ
eos
= 1.190,
β
eos
= 0.355, α
eos
= 0.100 (the subsript eos realls the
origin of these eetive values). As shown in Fig. 4,
the value γ
eos
= 1.190 is preisely within the seleted γe
range beyond the Ising-like preasymptoti domain, but
well inside the extended asymptoti domain γe < γL,
whih orresponds to ∆τ∗ . LXe
EAD
;
ii) The eetive values of the thermodynami ampli-
tude Γ+
eos
[see below Eq. (B8)℄ of the isothermal om-
pressibility were then obtained only using two adjustable
(uid dependent) parameters (namely k and a), whih
are the two harateristi parameters involved in the
saled equation of state. As shown in Fig. 4, equivalent
values of Γ+e (γeos) at γeos = 1.190 an be simultaneously
obtained by a sale transformation between the point P
(on the physial urve) and the point M (on the master
urve) whih also involves only two harateristi param-
eters (namely Yc and Zc) [admitting that the parameter
Λ∗qe whih aounts for quantum eets is known℄.
Therefore, both in quantity (two), and in nature (Ising
like), the uid dependent parameters k and a appear
equivalent to Yc and Zc, exept the notieable distin-
tion of their respetive determination, outside the Ising
like preasymptoti domain for the {k; a} pair, asymptot-
ially lose to the ritial point for the {Yc;Zc} pair.
Now we ompare the respetive values of Γ+
eos
and
Γ+e (γeos) for twelve seleted uids. From the linear model
of the parametri equation of state, Eq. (B7) an be
rewritten as
κ∗T = Γ
+
eos
(∆τ∗)−γeos (B8)
where Γ+
eos
is related to the harateristi parameters k
and a as follows
Γ+
eos
=
k
a
(B9)
Considering then the restrited form of the linear model
suh as analyzed in Ref. (author?) [59℄, k an be esti-
mated from the relation
k =
(
x0
b2
SLH
− 1
)−β
eos
(B10)
where b2
SLH
= 1.3908 is an universal quantity while x0 is
a uid-dependent parameter related to the value of the
eetive amplitude of the oexistene urve (assoiated
to the value β
eos
= 0.355 of the eetive exponent). The
values of x0 and a an be found in Ref. (author?) [59℄.
They are reported with the orresponding k values in
Table V (olumns 2 to 4, respetively) for the seleted
twelve uids (olumn 1). The related values of Γ+
eos
ob-
tained by using Eq. (B9) are given in Table V (olumn
5).
The unequivoal sale transformation between the
points P and M is given by the relation (see Fig. 4)
Γ+e (γeos) = Z+χ,e (γeos)
Λ∗qe (Yc)
−γeos
Zc
(B11)
where Z+χ,e (γeos) is the eetive master amplitude for the
T ∗ (γe,1f )-value satisfying the ondition γe,1f = γeos =
1.19. For pratial use of Eq. (B11), the ruial advan-
tage is given by the uniquivoal sale transformation be-
tween the points T (on the theoretial urve) and M (on
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Fluid x0 a k Γ
+
eos
Yc Zc Γ
+
e (γeos) ∆τ
∗ (γ
eos
) r%(Γ+e )
(author?) [59℄ (author?) [59℄ Eq. (B10) Eq. (B9) Eq. (B11) Eq. (B13)
3
He
(∗) 0.489 4.63 0.9235 0.1995 2.3984 0.30129 0.20003(∗) 2.326 10−2 −0.283
Ar 0.183 16.5 1.309 0.07934 4.3288 0.2896 0.09284 1.289 10−2 −14.5
Kr 0.183 16.5 1.309 0.07934 4.9437 0.2913 0.07887 1.128 10−2 0.6
Xe 0.183 16.5 1.309 0.07934 4.9137 0.2860 0.08084 1.135 10−2 −1.86
O2 0.183 15.6 1.309 0.08392 4.9864 0.28797 0.07890 1.119 10
−2 6.36
N2 0.164 18.2 1.361 0.07478 5.3701 0.28887 0.07201 1.039 10
−2 3.84
CH4 0.164 17.0 1.361 0.08006 4.9838 0.28678 0.07928 1.119 10
−2 0.99
C2H4 0.166 17.5 1.355 0.07744 5.3487 0.2813 0.07431 1.043 10
−2 4.22
CO2 0.141 21.8 1.436 0.06587 6.0104 0.27438 0.06631 0.928 10
−2 0.653
NH3 0.109 21.4 1.361 0.07353 6.3019 0.24294 0.07079 0.885 10
−2 3.88
H2O 0.100 22.3 1.622 0.07275 6.8552 0.22912 0.0679 0.814 10
−2 7.14
D2O 0.100 22.3 1.622 0.07275 7.0728 0.22783 0.0658 0.799 10
−2 10.6
Table V: Two-parameter universality of the eetive amplitude of the isothermal ompressibility estimated from the linear
model of a parametri equation of state and the master modiation of the theoretial funtion.
the master urve) illustrated in Fig. 4. That provides im-
mediately Z+χ,e (γeos) = Z+χ,e (γeos)
[
Z
{1f}
χ
(
Θ{1f}
)γ
eos
]−1
and T ∗ (γ
eos
) = t (γ
eos
)
(
Θ{1f}
)−1
. Using Eqs. (B1) and
(B2), the theoretial funtion χ
th
(t) leads to the val-
ues t (γ
eos
) = 2.392 × 10−4 and Z+χ,e (γeos) = 0.456414
related to oordinates of the points labeled T' and T
in Figs. 5a and 5b, respetively. Using the numeri-
al values of Z
{1f}
χ and Θ{1f} given in Table II, we ob-
tain T ∗ (γ
eos
) = 5.579× 10−2 and Z+χ,e (γeos) = 0.15374.
Subsidiarily, in Fig. 1, we note that the master urve
χ∗
qf
(T ∗) of Eq. (84) has a tangent urve of slope −γ
eos
at the point M of T ∗ (γ
eos
)-oordinate whih orresponds
to the eetive power law
X+
eos
(T ∗) = 0.15374 (T ∗)−1.19 (B12)
The values of Yc and Zc for the seleted uids are re-
ported in Table V (olumns 6 and 7, respetively). The
estimated values of Γ+e (γeos) using Eq. (B11) are given
in Table V (olumn 8). Eah physial urve κ∗T (∆τ
∗) of
Eq. (66) have a tangent urve of slope −γ
eos
at the point
of ∆τ∗-oordinate:
∆τ∗ (γ
eos
) =
T ∗ (γ
eos
)
Yc
(B13)
(see olumn 9 of Table V), whih orresponds to the ef-
fetive power law Γ+e (∆τ
∗) = Γ+e (γeos) (∆τ
∗)
−γ
eos
.
The residuals r%(Γ+e ) = 100
(
Γ+
eos
Γ+e (γeos)
− 1
)
(see ol-
umn 10, Table V), generally lower than the typial ex-
perimental unertainty estimated to 10%, onrm that
the universal features observed beyond the Ising-like
preasymptoti domain but within the Ising-like extended
asymptoti domain, i.e., ∆τ∗ .
t
+
EAD
ϑ
=
L
+,{1f}
EAD
Yc
= Lf
EAD
with t+
EAD
= Θ{1f}L+,{1f}
EAD
and L+,{1f}
EAD
≃ 0.07− 0.1, are
well-haraterized by the two ritial sale fators Yc and
Zc of eah uid f .
3. Universal approximation of the logarithmi
singularity of eetive amplitudes
Another pratial appliation of the point to point
transformations given in Fig. 4 an be obtained fousing
our attention on the logarithmi singularity of any rst
derivative
(
∂Z
+
P,e
∂eP,e
)
eP,e→eP
lose to the Ising-like ritial
point, for any eetive amplitude power law Z
+
P,e (t) =
FP (t)
t
−eP,e
estimated from any rossover funtion FP (t) given
in Ref. (author?) [13℄ (with eP,e (t) = −∂Ln[FP (t)]∂Lnt ) (see
Refs. (author?) [13, 48℄ for detail). For the susepti-
bility ase, the logarithmi singularity of
(
∂Z+χ,e
∂γe,th
)
γe,th→γ
extrapolated beyond the Ising-like preasymptoti domain
is illustrated by the urves labeled aT , aM , and aP in
Fig. 4. For better evaluation within the preasymptoti
domain, the related amplitude singularity in terms of the
thermal eld dependene is given in Fig. 5b for example
by the urve Te of equation
Z
+
χ,e −
(
Z
+
χ
)−1
=
(
Z
+
χ
)−1
Z
1,+
χ t
∆Z1,+χ t
∆
× [1− log (t∆)] t∆ (B14)
We an approximate Eq. (B14) by the following univer-
sal power law
Z
+
χ,e −
(
Z
+
χ
)−1
= Z0
(
Z
+
χ
)−1
Z
1,+
χ t
z
(B15)
where Z0 = 3.7 ± 0.1 and z = 0.45 ± 0.035 are inde-
pendent of the property and the domain. The exponent
ondition z < ∆, leading to the z∆ = 1 − u < 1, is
onform to the logarithmi singularity of the rst deriva-
tive
(
∂Z+χ,e
∂γe,th
)
γe,th→γ
here approximated by a power law(
∂Z+χ,e
∂γe,th
)
γe,th→γ
∝ (γ − γe,th)−u. For pratial use, we
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arbitrarily hoose u = α, leading to dene z = ∆(1− α).
The validity of this approximation is illustrated by the
urve Tz in Figure 5b.
Correspondingly, in Figure 5d, the physial asymptoti
representation of Γ+e − Γ+ is now approximated by the
urve Pz of asymptoti equation
Γ+e − Γ+ = Z0Γ+a+χ (∆τ∗)z
= X0,LZ0Z
1,+
χ
(
Z
+
X
)−1
ϑ∆ (∆τ∗)z
(B16)
Using Eqs. (B15) and (B16) at t = ∆τ∗ = 1, we obtain
Γ+e (1)− Γ+ = X∗0,Lϑ∆
[
Z
+
χ,e (1)−
(
Z
+
χ
)−1]
(B17)
The point to point universal transformation whih ap-
proximates the logarithmi singularity is then illustrated
by the two orrelated points (symbol x) at t = ∆τ∗ = 1,
in Figures 5b and 5d, respetively. As expeted from
Figure 4, this transformation is given by the produt
X∗0,Lϑ
∆
.
Obviously, to lose the asymptoti behavior within the
Ising-like preasymtoti domain we an also onsider the
respetive asymptoti urves labeled T∆ and P∆ in Figs.
5a and 5 of equations
γ − γe,th = ∆Z1,+χ t∆ (B18)
γ − γe,exp = ∆ a+χ (∆τ)∆ (B19)
Here, the point to point transformation at t = ∆τ∗ = 1
(symbol x), is given by the sale fator universal power
law ϑ∆.
The above approximation of the logarithmi singular-
ity has a pratial importane for better analysis of ex-
perimental data when the value γe is found in the range
γe = 1.21 − 1.24, i.e. a value whih approahes the
theoretial Ising value. As a typial example we use the
value γe,pV T = 1.211± 0.025 obtained by Levelt-Sengers
et al (author?) [59℄ from their analysis of the pV T
measurements of Habgood and Shneider (author?) [53℄
in the temperature range 0.2K ≤ T − Tc ≤ 1.8K ,
i. e. ∆τ∗
min
= 6.9 × 10−4, ∆τ∗
max
= 6.2 × 10−3 and〈
∆τ∗pV T
〉
= 2.07×10−3 [see line #1, olumn 4, Table IV℄.
This result is then entered near to the Ising-like border-
line of the gray paint domain previously analyzed. As
evidened by the mathing of the orresponding points
labeled 1 with the urves P∆ and Pz in Figs. 5 and 5d,
suh a result also appears orretly aounted for using
the above approximation. Therefore, using Eqs. (B19)
and (B16), we an easily alulate the two values of the
true onuent and leading amplitudes of the two-term
Wegner expansion from the following equations
a+χ
∣∣
pV T
=
γ−γe,pV T
∆〈∆τ∗pVT 〉∆ (B20)
= 1.26666
Γ+
∣∣
pV T
=
Γ+
e,pV T
1+
Z0
∆
(γ−γe,pV T )〈∆τ∗pV T 〉z−∆ (B21)
= 0.057355
These above values are in exellent agreement with the
estimated ones a+χ = 1.23397 and Γ
+ = 0.057821
(author?) [48℄ from appliation of the sale dilatation
method. In Eq. (B21), we note the pratial importane
of the prefator Z0.
In onlusion, using Figs 4 and 5, we have expliitely
demonstrated that the two dimensionless sale fators
Yc and Zc, (or alternatively but equivalently ϑL (≡ ϑ)
and X∗0,L), whih haraterize eah one-omponent uid
f belonging to {1f}-sublass, an be used to alulate
the isothermal ompressibility over a Ising-like extended
asymptoti domain ∆τ∗ . Lf
EAD
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